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Abstract. We provide a framework for studying randomly coloured 

("^ ■ point sets in a locally compact, second-countable space on which a 

Cn ' metrisable unimodular group acts continuously and properly. We first 

5_( , construct and describe an appropriate dynamical system for uniformly 

, Cy ■ discrete uncoloured point sets. For point sets of finite local complexity, 

we characterise ergodicity geometrically in terms of pattern frequencies. 
The general framework allows to incorporate a random colouring of the 
point sets. We derive an ergodic theorem for randomly coloured point 
sets with finite-range dependencies. Special attention is paid to the ex- 
r^ '■ elusion of exceptional instances for uniquely ergodic systems. The setup 

/^ ■ allows for a straightforward application to randomly coloured graphs. 
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1. Introduction 



cr^ ■ Delone sets are subsets of Euclidean space which are uniformly discrete 

^ . and relatively dense. In the natural sciences, they are used to model pieces 

of matter. Over the last years, geometric and spectral properties of Delone 
56 ■ sets have been studied by many authors, using methods from topological 

^^ : dynamical sys tems, see e.g. [RaWl iHoTl 11^21 [Sol IBelHZl ILeMSl iLPl ILenSli 

lO ■ IKILSI ILenS31 ILeSj . Here, the dynamical system arises from the closure 

^P . of the translation orbit of the given Delone set with respect to a suitable 

topology. This approach is particularly useful if the dynamical system is 
uniquely ergodic, since the uniform ergodic theorem can then be used to infer 
properties of the given Delone set one has started with. For a Delone set 
/\ I of finite local complexity, a geometric characterisation of unique ergodicity 

in terms of uniform pattern frequencies appears in |LeMSj . If the Delone 
set is not periodic, then such a characterisation cannot be achieved with a 
discrete periodic subgroup of the Euclidean group as the group acting on 
the dynamical system. Therefore one has to rely upon an ergodic theorem 
for the action of a more general group than the multi-dimensional integers. 
This approach has been generalised considerably in recent years. As base 
space, Euclidean space has been replaced by a a-compact, locally compact 
Abelian group, which admits a suitable averaging sequence, and on which 
the same group acts by translations [S]. Within that setup, the important 
subclass of repetitive regular model sets, see e.g. jMoj . which have a pure 
point diffraction spectrum such as periodic point sets, could be characterised 
by certain properties of the underlying dynamical system including strict 
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ergodicity and pure point dynamical spectrum |BLMj . More generally, dy- 
namical systems of translation bounded Borel measures |BH ILenRij on such 
spaces have been considered. Discrete subsets of a general locally compact 
topological space have been studied in |Yoj via group actions of a locally 
compact group, focussing on finite local complexity and on repetitivity. 

As we are interested in discrete geometry, our setup will be formulated 
in terms of uniformly discrete sets. We will use a locally compact, second- 
countable space as base space. By choosing a metric, this allows us to define 
a notion of uniform discreteness. Local compactness of the base space en- 
sures sufficient structure for the space of uniformly discrete point sets. The 
first main goal of this paper is to establish geometric criteria for (unique) 
ergodicity of the dynamical system associated to a collection of uniformly 
discrete point sets in terms of pattern frequencies. To do so, we rely on 
properness of the group action. In addition, we will measure the "size" of a 
subset of the base space in terms of the Haar measure on the group, which 
is pushed forward by the group action and a reference point in the base 
space. We require that size to be the same for group-equivalent reference 
points. This is ensured for unimodular groups. Thus our setup comprises 
non-Abelian groups such as the Euclidean group. In particular, this ac- 
commodates the pinwheel tilings of the plane |RaH IRa21 IRa3j and their 
relatives [K]. Apart from [Yoj . it seems that non-Abelian groups have not 
been treated in our general context so far. 

In order to define an appropriate dynamical system, we require that uni- 
formly discrete point sets, which are group-equivalent, have the same radius 
of discreteness. This will be guaranteed if the metric on the base space is 
group-invariant. Indeed, it has recently been shown |AMN1 Thm. 1.1] that 
under our assumptions on the group action, such a metric always exists 
among the set of all metrics that are compatible with the topology of the 
base space. We will supply the space of uniformly discrete point sets (of a 
given radius of discreteness) with the vague topology. This ensures compact- 
ness of the relevant dynamical systems. In |Yoj . a stronger "local matching 
topology" is favoured instead. For a proper and transitive group action, 
both topologies coincide, if the point sets are of finite local complexity. This 
follows with Lemma [223 compare also |BL| for the Abelian case. 

If the base space M admits a uniform structure compatible with the 
given topology, but is not necessarily metrisable, it is still possible to define 
uniform discreteness via the uniformity. In fact, a continuous and proper 
action of a group T on M gives rise to a uniform structure on M, which 
induces the topology on M and has the desirable invariance properties with 
respect to T, as follows from |AMN1 Thm. 1.2]. A corresponding framework 
could include our setup for metrisable spaces M, as well as the approach of 
[HI IBH lYo] for a not necessarily metrisable space M as special cases. We 
will not strive for such a generality here. 

Our structural assumptions on the group and its action are minimal 
in a sense. By properness, the group inherits local compactness and a- 
compactness from the base space. But local compactness is needed for the 
existence of a (well-behaved) Haar measure, and a-compactness is required 
for amenability. The role of unimodularity has been discussed above, and 
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Lindenstrauss' pointwise ergodic theorem |Linj . which we rely upon to a 
great extent, requires metrisabihty of the group. We will however not as- 
sume transitivity of the group action. This is motivated by our desire to 
describe uniformly discrete sets, coloured versions thereof and also graphs 
built from such sets - all within the same framework. Here, coloured point 
sets of possibly infinitely many colours and also graphs will appear as point 
sets in some suitably enlarged base space on which one cannot expect to 
have a transitive group action. Due to the absence of transitivity we were 
also prompted to free the base space from being a group by itself. We men- 
tion that coloured Delone sets of finite local complexity - and thus with 
at most finitely many colours ~ have been studied by different methods in 
[BelKZllLiMSllLenSlj . 

As our choice of spaces is also canonical in stochastics, the connection to 
stochastic geometry |SKMj may be broadened. Indeed, the setup allows to 
study random colourings of a point set on a rather general level. Ergodic 
properties of random colourings of a repetitive Delone set in the Euclidean 
plane have already been studied by Hof |Ho3j . motivated by the problem 
of site percolation on the Penrose tiling. His approach has been used to 
infer diffraction properties of random Euclidean point sets of finite local 
complexity |BZj with finite-range dependencies and beyond |BBMj : see also 
|Lenj for an alternative approach. A recent extension to certain Delone sets 
in (T-compact, locally compact Abelian groups is the subject of [AIj . Another 
recent generalisation to infinite-range dependencies, based on the theory of 
Gibbs measures and stochastic geometry, can be found in |Maj . Diffraction 
properties of certain non-periodic stochastic point sets are also discussed in 
|KiiH IKii2j , where large-deviation estimates and concentration inequalities 
for the finite- volume scattering measure are derived. 

We are not concerned with diffraction in this paper, however. In fact, our 
second main goal is to provide an optimal ergodic theorem for dynamical 
systems of randomly coloured point sets with finite-range stochastic depen- 
dencies. To do so, we also pursue an idea of Hof |Ho3j . who used the law of 
large numbers for reducing the problem to that of the dynamical system for 
the underlying uncoloured point sets. Unfortunately, Hof's approach only 
works for point sets of finite local complexity, and is thus also restricted 
to finitely many colours. On the other hand, Lenz |Lenj proved an ergodic 
theorem for randomly coloured translation bounded measures on Euclidean 
space without the need for finite local complexity. In combining the two 
approaches, we obtain an ergodic theorem for randomly coloured point sets 
without requiring finite local complexity. And, in contrast to |Lenj . it is op- 
timal in the sense that exceptional instances are excluded as far as possible 
in the case of uniquely ergodic systems and continuous functions. 

In a subsequent article, we will apply the aforementioned ergodic results 
to describe spectral properties of subcritical percolation graphs over such 
general point sets, compare |KMj for the periodic case. As we are able to 
treat rather general colour spaces and group actions, our approach also opens 
the possibility to study finite-range operators on uniformly discrete point 
sets with quite general internal degrees of freedom and their randomised 
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versions, such as (random) Schrodinger operators with magnetic finite-range 
interactions on non-periodic point sets. 

This paper is organised as follows. In Section [21 we first recapitulate 
properties of dynamical systems of uncoloured point sets, which carry over 
to our more general setup. As our general group actions have apparently not 
been studied before in this context, we provide proofs for the convenience 
of the reader. Based on the general pointwise ergodic theorem of Linden- 
strauss jLinj . we state characterisations of ergodicity in Theorem l2.14| which 
are handy to use and which we have not found in the literature in sufficient 
generality. The same remark applies to Theorem 12. 161 which is the abstract 
analogue for uniquely ergodic systems, extending the well-documented case 
of Z-actions |KBl lOl IWal IFuj . Whereas these two theorems are only of a 
propaedeutic nature, our main results of Section [5] are Theorem 12.291 and 
Proposition [2321 They provide geometric characterisations of ergodicity and 
of unique ergodicity in terms of pattern frequencies for uniformly discrete 
point sets of finite local complexity. 

In Section[3l we construct an ergodic measure for randomly coloured point 
sets and present an optimal ergodic theorem as our second main result in 
Theorem 13.111 Finite local complexity is not required in this section. 

The formalism developed in Sections [2] and [3] is applied to randomly 
coloured graphs in Section HI Proofs are provided in the remaining sections. 

2. Dynamical systems for point sets 

Here, we introduce our setup, discuss the basic ergodic theorem and give 
a geometric characterisation of ergodic point sets in terms of pattern fre- 
quencies. 

2.1. Topology on collections of point sets. For the convenience of the 
reader. Section F5.1I contains proofs of the material that we present here. 

A base space M is a non-empty, locally compact and second-countable 
topological space. Throughout this paper we stick to the convention that ev- 
ery locally compact topological space enjoys the Hausdorff property. We re- 
call that in locally compact topological spaces, second countability is equiv- 
alent to (T-compactness and metrisability jBou2l Chap. IX, §2.9, Cor.]. 

In addition to the base space M we consider a metrisable topological 
group T with left action a := om : T x M ^ M, (x,m) 1— ?> xm on M. 
Throughout this paper we will rely on 

Assumption 2.1. The group T is non-compact and its action on M is 
continuous and proper. Moreover, we fix a T-invariant proper metric d on 
M that generates the topology on M. 

Remarks 2.2. (i) A metric d on M is T-invariant, iff d{xm,xm') = 
d{m, m!) for all x G T and all m, m! € M. A metric is proper, iff every metric 
ball has a compact closure. The existence of a T-invariant proper metric d 
on the metrisable space M that generates the topology of M follows from 
(T-compactness of M and properness of the group action jAMNl Thm. 4.2]. 
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(ii) We recall that the group action is continuous, iff the map a : T x 
M ^ M is continuous with respect to the product topology on T x M. 
Properness of the group action means that the (continuous) map 

a -.T X M -^ M X M, {x,m) >-^ {xm, m), (2.1) 

is proper, that is, pre-images of compact sets are compact (see |BouH Chap. 
III.4]). We refer to Lemma 12.31 below for different characterisations of 
properness. 

(iii) All results of the present section (and their proofs) remain valid for 
compact groups, but reduce to trivial statements. For the following sections, 
however, non-compactness will be crucial. It will be used in the proof of the 
strong law of large numbers Theorem 13.101 

(iv) Properness of the group action and local compactness of M imply 
that T is also locally compact, see Proposition 1.3 in |AMNj and subsequent 
comments. Furthermore, since M is also cr-compact, so is T. 

(v) We require metrisability of the group T in order to satisfy the hy- 
potheses of Lindenstrauss' ergodic theorem. The latter is essential for large 
parts of this paper. Thus, by the previous remark and by what was recalled 
at the beginning of this section, the group T is also second countable. 

(vi) Below we want to define nice T-orbits of uniformly discrete subsets 
in M with a given radius of uniform discreteness. It is precisely for this 
purpose that we work with a T-invariant metric d on M that is compatible 
with the topology. 

For convenience we recall the following alternative characterisations of 
properness. We use the notation xU := {xm : m G U} ior x G T and 
U C. M and introduce the transporter 

SuuU2 :={xeT:xUinU2^0}QT (2.2) 

of subsets Ui,U2 C M. The following lemma does not rely on Assump- 
tion EH 



Lemma 2.3. Assume that M and T are both locally compact and second- 
countable, and that T acts continuously on M from the left. Then the fol- 
lowing are equivalent. 

(i) T acts properly on M . 

(ii) For every choice of compact subsets Vi,V2 C M, the transporter 
Sviy2 'i-^ compact in T. 

(iii) For every choice of relatively compact subsets Ui,U2 ^ M , the trans- 
porter Su^^u^ is relatively compact in T . 

(iv) Given any two sequences (x„)„gN ^ T and {mn)neN ^ M such that 
both {mn)neN oind {xn'mn)n<^n converge in M, then {xn)n£n has a convergent 
subsequence in T. 

Remarks 2.4. (i) We will only use the implications (i) => (ii) =^ (iii) 
of the lemma in the sequel. But for the purpose of completeness, we have 
included the proof of all implications in Section 15.11 

(ii) Similar characterisations can be found, e.g., in |BouH Chap. III. 4. 5, 
Thm. 1] or |AMJNl Def. and Prop. 2.3]. 
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(iii) Condition (ii) of the lemma implies that the map a{-,m) : T ^ M 
is proper for every m € M, since (a(-, m))~^ (V) = S^^jy ^^i every compact 

FCM. 

Example 2.5. An often studied special case of our setup arises when M is a 
topological group by itself. Then one may choose T := M and a as the group 
multiplication from the left. An important example for this special case is 
the Abelian group M = W^ for d G N, equipped with the Euclidean metric, 
which acts on itself canonically by translation. This action is transitive, 
free and proper, and the Euclidean metric is T-invariant and also proper. 
(Recall that a group action is said to be transitive, iff for every m,m' (^ M 
there exists x G T such that xm = m! . It is free, iff for any x € T and any 
m € M the property xm = m implies x = e.) Another prime example is 
M = Mr and T = E{6), the Euclidean group, with the Euclidean metric. 
Then the canonical group action from the left is transitive and proper, but 
not free. The Euclidean metric is also T-invariant and proper. We note, 
however, that in situations relevant to us, M will not be a group. 

The open ball (with respect to the metric d) of radius s > about m & M 
is denoted by Bs{m). A subset P C M is uniformly discrete with radius 
r g]0, oo[, if any open ball in M of radius r contains at most one element 
of P. A subset P C M is called relatively dense with radius R €]0,oo[, if 
every closed ball of radius R has non-empty intersection with P. If P is both 
uniformly discrete and relatively dense, then it is called a Delone set. The 
collection of all subsets of M, which are uniformly discrete of radius r, is 
denoted by VriM). We call every element of VriM) a point set. Throughout 
this paper, the radius of uniform discreteness r will be fixed. 

We define a topology on Vr{M) by requiring certain functions on Vr{M), 
which are of the form ()2.3p below, to be continuous. These functions will 
serve as a "scanning device" on a point set. Let Cc{M) denote the set of all 
real valued, continuous functions on M with compact support. 

Definition 2.6. To (/? € Cc{M) we associate 

. Vr{M) ^ M 

pGP 

The vague topology on Vr{M) is the weakest topology such that ftp in (j2.3p 
is continuous for every ^p G Cc{M). 

Remarks 2.7. (i) Even though the set VriM) itself depends on the 
metric d on M, the nature of the vague topology on Vr{M) is solely deter- 
mined by the topology on M. 

(ii) Particular examples of open sets in VriM) are given by pre- images 
of open balls in M. For P G VriM), ip £ CdM) and e > we define the 
open set 

[/^,,(P) := {P G VriM) : |/^(P) - ^(P)| < e} . (2.4) 

It is readily checked that the family obtained from finite intersections of open 
sets U^^eiP) as above forms a neighbourhood base of the vague topology. 



RANDOMLY COLOURED POINT SETS 7 

(iii) The above neighbourhood base arises naturally when identifying a 
point set P with a point measure on M that has an atom of unit mass at 
each point of P, see e.g. |BelHZl [Si IBLl ILenj . It is from this perspective 
that the topology of Definition 12.61 appears as the vague topology on this 
space of measures. For the case where M is also a group, |BLj coined the 
name local rubber topology for the vague topology (and they defined it using 
transitivity of the canonical group action of M on itself) . For the particular 
example M = M. the vague topology was studied in |LenS2j under the name 
natural topology and earlier on in |BelHZl ILPj . 

(iv) Instead of uniformly discrete subsets of M, one may consider more 
general locally finite sets. These are sets P C. M for which P OV is finite 
for every compact set V C M. But the space of locally finite sets equipped 
with the vague topology is not closed. For example, a sequence of locally 
finite point sets may give rise to accumulation points in M. 

(v) Local compactness and second countability of M imply metrisability 
of the topology on Vr{M), see jBaul Thm. 31.5]. 

Convergence in the topological space Vr{M) is characterised in the fol- 
lowing lemma. 

Lemma 2.8. Fix a sequence {Pk)keN Q Vr^M). Then the following state- 
ments are equivalent. 

(i) The sequence {Pk)km converges in Vr[M). 
(ii) There exists P € Vr{M) such that for all ip G Cc{M) we have 

hm f^{Pk) = f^{P). 

fe— ^-oo 

(iii) For every m (z M exactly one of the following two cases occurs. 

(a) For every e > we have P^ n Bf,{m) ^ for finally all /c G N. 

(b) There exists e > such that Pk{^Bf,{m) = for finally allk (^N. 
(iv) There exists P € Vr{M) such that for every compact set V ^ M we 

have for every e > for finally all k £N the inclusions 

PkDVCiP), and PnVQ{Pk)e. 

Here, the "thickened" point set {P)e '■= Upep ^sip) ^-s the set of points 
in M lying within distance less than e to P. 



In either case, the limit P is the set of all points m & M satisfying (iii) -(a 



Below we will be concerned with ergodic properties of Vr{M) as a topo- 
logical dynamical system. This relies on 

Proposition 2.9. The space Vr{M) is compact with respect to the vague 
topology. 

Remarks 2.10. (i) In order to give a self-contained presentation, we 
prove (sequential) compactness of the metrisable space Vr{M) in Section [5Tl 
Thus, Proposition 12.91 yields complete metrisability of Vr{M), in other 
words, Vr{M) is even a Polish space. For the more general case of M being 
only cr-compact and locally compact, compactness of Vr{M) has already 
been shown in |BLl Thm. 3], see also |Baul Thm. 31.2] and [BelHZj . 
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(ii) In tiling dynamical systems, the topology on Vr{M) is often char- 
acterised in terms of a particular metric resembling a connection to sym- 
bolic dynamics, see e.g. |RaWl iHoSJ ILeMS] . The corresponding notion of 
distance means that two point sets are close, if they almost agree on a 
large ball in the base space. This can be formalised as follows. The map 
dist : VriM) X VriM) -^ M^o, given by 

dist(P,P) :=min|^,inf {e>0 : P n Pi C (P)^ and P n Pi C iP)e}], 

where Pi := Pi(mo) for some fixed reference point nio € M, defines a 

metric on Vr{M). The topology induced by the above metric does not 
depend on the choice of reference point nio and coincides with the vague 
topology. (Since Vr{M) is compact, it is complete w.r.t. the above metric, 
and the metric is proper.) In this paper we prefer to work with the vague 
topology instead of the metric. 

2.2. Ergodic theorems for group actions. Our basic workhorse will 
be the general ergodic theorem of Lindenstrauss |Linj . In order to apply 
it we need to recall some further notions. Let e € T stand for the neutral 
element in the locally compact, second-countable group T. We fix a left 
Haar measure on T and write vo^S") = fa dx for this Haar measure of a 
Borel set 5 C T. Below we will also impose that the group T is unimodular. 
This is equivalent to the requirement that the Haar measure is inversion 
invariant, i.e., fj, f{x~^)dx = frpf{x)dx for every measurable function / : 
T — )■ [0, oo] (and hence also for every integrable function / : T — )• M). In 
particular, this implies vol(S'~^) = vol(S') for every Borel set 5" C T, where 
S~^ := {x £ T : 3s £ S such that x = s~^}. 

Since we want to compute certain group means below, we require that 
T admits suitable averaging sequences. As usual, for if C T we denote by 
K = int(-fC) the interior of K and by K the closure of K, and for A, B C T we 
write AB := {x € T : 3(a, b) £ A x B such that x = ab} for the Minkowski 
product of A and P. 

Definition 2.11. Let {Dn)neN be an increasing sequence of non-empty, 
compact subsets of T such that UneN ^" ~ ^• 

(i) The sequence (P„)„gN is called a F0lner sequence, if for every com- 
pact ii' C r we have 

vol((5^P„) , , 

n-5>oo VOl(P'„j 

where 6 Dn is the symmetric difference of P„ and KDn, 

5^P„ := (KDn) \ Dn U {KDnf \ Dl. 

(ii) The sequence {Dn)neN is called a van Hove sequence, if for every 
compact if C T we have 

^™ Mr, \ = ^' (2.6 

n-s>oo VOl(P'„j 

where d^ D^ := (KDn) \ P„ U (KD^) \ D^. 
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(iii) The sequence {Dn)neN is tempered (or obeys Shulman's condition), 
if there exists C ^ 1 such that for all n € N we have the estimate 

vol ( y D^^dA ^ CYo\{Dn). (2.7) 

Remarks 2.12. (i) For every n G N, the set d^ Dn in (j2.6p is compact. 
If T is Abelian, then our definition of van Hove sequence is equivalent to 
that in [S]. 

(ii) We have 6^ D C d^ D, which follows from the inclusion {ABy C 
AB^ for arbitrary A,B C T. Consequently, every van Hove sequence is a 
F0lner sequence. 

(iii) The existence of a F0lner sequence in T is equivalent to amenabil- 
ity of the group [Pl Thm. 4.16]. Every F0lner sequence has a tempered 
subsequence [Lin) Prop. 1.4]. 

(iv) According to [St], every second countable, locally compact group 
has a left-invariant proper metric that generates the topology. Suppose 
the sequence {Bn)neN of closed balls (with respect to this metric) about 
the neutral element e G T of radius n G N constitutes a (tempered) F0lner 
sequence in T satisfying B^Bn = Bm+n for all tti, n € N. Assume in addition 
vol((9-B„)/vol(i?„) — )• as n ^ oo, with dB^ the topological boundary of 
Bn- It can be shown that {Bn)nen is also a (tempered) van Hove sequence 
under these assumptions. 

(v) If T is Abelian, the existence of a tempered van Hove sequence in T 
is guaranteed under our hypotheses. Indeed, [HI p. 145] ensures the existence 



of a van Hove sequence in T, which is also a F0lner sequence by (ii) As every 
F0lner sequence has a tempered subsequence, the argument is complete. 

(vi) Consider the semidirect product |HRj . denoted hy T = N y\ H, of 
a unimodular group A^ and a compact group H. Then T is unimodular. It 
can be shown that if (L'„)„gN is an //-invariant tempered van Hove sequence 
in A^, then (D„ x //)„gpj is a tempered van Hove sequence in T. This 
can be used to provide examples of a non- Abelian non-compact unimodular 
group T with a tempered van Hove sequence. (Take H non- Abelian and A^ 
Abelian but not compact.) A prominent example is the Euclidean group 
E{d) = M^ XI 0(d), with centered closed balls of radius n € N as tempered 
van Hove sequence in R*^. The existence of F0lner sequences in semidirect 
products is discussed in [Jl IWij . 

The following lemma states that a F0lner sequence {Dn)n£'N and its "thick- 
ened" version {LDn)neN, where L C T is a compact set, have asymptotically 
the same volume. It also states that thickened versions of van Hove bound- 
aries d^Dn, with K C T compact, are of small volume, asymptotically as 
n ^ oo. These properties will be used repeatedly below. 

Lemma 2.13. Let L (^T be a compact set. Then the following statements 
hold. 

(i) If {Dn)nef>i is a F0lner sequence in T , we have the asymptotic estimate 

vol{LDn) = vol{Dn) + o(vol(i:'„)) (n -^ oo). 
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(ii) // {Dn)neN is a van Hove sequence in T, we have for every compact 
K (^T the asymptotic estimate 

Yo\{Ld^Dn) = o{vol{Dn)) (n ^ oo). 

Next, we state the basic pointwise ergodic theorem that wUl be apphed 
several times in the sequel. Let Q be a compact metrisable space (hence, 
with a countable base of the topology and complete with respect to every 
metric generating the topology), and assume that the group T acts measur- 
ably from the left on Q, i.e., there exists a measurable map aQ : T x Q ^ Q, 
(x, q) 1-^ aQ{x, q) =: xq. Here, T x Q is endowed with the product topology. 

A T-invariant probability measure on the Borel cr-algebra of Q is called 
(T-) ergodic, if every T-invariant Borel set has either measure or 1. The 
existence of an ergodic probability measure on Q follows from the com- 
pactness of Q by standard arguments (compare |Waj for the discrete case). 
In other words, Q is ergodic w.r.t. the group T. A dynamical system is 
called uniquely (T-) ergodic, if it carries exactly one T-invariant probability 
measure, which is then ergodic, see below. 

We rely on the general Birkhoff ergodic theorem of Lindenstrauss \Lm\ 
Thm. 1.2]. For related abstract ergodic theorems, see also |Ch[ IKrl IPJ iN], 
The shorthand /u(/) := Jq dfj,{q) f{q) in the next theorem denotes the fx- 
integral of a function / on Q. We remark that the assumptions on the 
group T in the next theorem are more general than those required by As- 
sumption 12.11 



Theorem 2.14 (Pointwise Ergodic Theorem). Let Q he a compact metris- 
able space, on which a locally compact second- countable group T acts mea- 
surably from the left. Assume that T admits a tempered F0lner sequence 
(Dn)n£N- Fix a T-invariant Borel probability measure n on Q and let 
f € L^{Q,^) arbitrary be given. Then 

UQJ)--=^h^ I dxfixq) (2.8) 

is finite for ji-a.a. q & Q and all n € N. Furthermore, there exists a T- 
invariant function /* G L^{Q,fi) such that /i(/*) = /i(/) and 

lim I„(g, /) = r(g) for fi-a.a. q G Q. (2.9) 

n— ^-oo 

Moreover, the following statements are equivalent. 

(i) The measure /i is ergodic. 

(ii) For every f £ L^{Q,^i), Eq. ([22]) holds with f* = fi{f). 
(iii) There exists a {\\ ■ ||oo-) dense subset V C C{Q) such that for every 
f eV, Eq. dSSD holds with f* = /i(/). 

Remarks 2.15. (i) For fi ergodic, the limit ()2.9p is obviously indepen- 
dent of the tempered F0lner sequence. 

(ii) As the proof shows, the statement of the theorem remains true for 
locally compact Polish spaces (with T> C Cc{Q) in (iii)). Moreover, our 
proof uses local compactness only for the implication (iii)^(i). Non-compact 
dynamical systems have been studied in [D]. The reason why we assume 
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even compactness of Q in the hypotheses of the theorem is to guarantee the 
existence of an ergodic probabihty measure on Q. It is not obvious to us 
how to dispense with metrisabihty of Q. 

In the case of a uniquely ergodic system, one may adapt arguments from 
|Ful IWaj to exclude the exceptional set in ()2.9p , provided that / is continu- 
ous. Note that the next theorem is stated under more general assumptions 
on the group T than those required by Assumption 12.11 

Theorem 2.16 (Unique ergodicity). Let Q he a compact metrisable space, 
on which a locally compact group T acts m,easurably from, the left. Assum,e 
that T adm,its a F0lner sequence [Dn)n&] cind define Ini',') <is in ()2.8p . 
Then the following statements are equivalent. 

(i) For every f € C{Q) the sequence {Ln{q, f))^^^ converges uniformly 
in q G Q and there is a constant I{f) € M such that 

hm I^{qJ)=I{f) 
n— >-oo 

for all q € Q. 
(ii) There exists a dense subset V C C{Q) and for every f £ V there exists 
a constant I{f) G M such that pointwise for every q £ Q we have 

lim/„(g, /)=/(/). 

71— >00 

(iii) There exists exactly one T-invariant Borel probability measure ^ on 

Q. 
In either case, the measure fi is ergodic and the above statements hold with 

iif) = Kf)- 

Remark 2.17. In particular, the limits in the above theorem are again in- 
dependent of the choice of the F0lner sequence. In contrast to Theorem l2.14t 
the F0lner sequence here does not need to be tempered. Neither does one 
need second countability of the group T. 

The role of the compact space Q in the above ergodic theorems will be 
played by the closure of T-orbits of point sets. 

Definition 2.18. Given a collection of point sets V C 'Pj.(M), we introduce 
its closed T-orbit 



Xp := {xP : X G T, P G P} C Vr{M), (2.10) 

where xP := {xp : p G P}. Being closed, Xp is a compact subset of 
the compact space Vr{M). The induced group action ax-p '■ T x Xp -^ 
Xp, (x,P) I— )■ xP is continuous. 

Remarks 2.19. (i) The validity of the set inclusion in (j2.10p depends 
crucially on Vr{M) being defined in terms of balls with respect to a T- 
invariant metric on M. The compatibility between the base space M and 
the group T is necessary in order to have a fruitful concept of orbits. 

(ii) The compact metrisable space Xp is particularly useful if the closure 
is not too large in comparison to the (unclosed) T-orbit. This has been 
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analysed mainly for M = T = M^ with the canonical group action and the 
Euclidean metric. In that case, there are two simple examples where the 
closure does not add anything new to the (unclosed) T-orbit of V. This 
is when V consists of a single periodic point set, or when P is a suitable 
collection of random tilings [RiHHBl IGrSj . The definition of the vague 
topology suggests that elements in X-p added by the closure share local 
properties of point sets from V. 11 V = {P} consists of a single point 
set P, there is a geometric characterisation of X-p as the so-called local 
isomorphism class of the point set, iff P is repetitive. The latter property 
is in fact equivalent to minimality of Xp, cf. |LPj for M = T = M. and 
|Yoj for the general case. Another criterion for a "nice" closure is unique 
ergodicity of Xp. We give a geometric characterisation of unique ergodicity 
in Theorem [223 

The triple {Xp,T, ax-p) constitutes a compact topological dynamical sys- 
tem. Thus, we have 

Corollary 2.20. Let V C VriM) be a collection of uniformly discrete point 
sets of radius r. Then the Ergodic Theorems \2.14\ and \2.16\ hold for Q = Xp . 

Remark 2.21. Ergodic theorems for systems of point sets in M or in a 
locally compact Abelian group have been given and applied before, see e.g. 
[Sj lLeMS] . In addition we mention |LenS31 Thm. 1] for Banach space- valued 
functions in the case of minimal ergodic systems of Delone sets of finite local 
complexity (see below for a definition) in M . 

2.3. Geometric characterisation of ergodicity. In this section we re- 
late ergodicity of a dynamical system of point sets to the spatial frequencies 
with which patterns occur therein. This will require to count the number 
of equivalent patterns within a given region of the base space, where equiv- 
alence is defined by the group action. 

First we introduce the relevant notation. Given a point set P G Vr{M), 
we call a finite subset Q C P a pattern of P (in M). Given a collection 
'P ^ VriM) of point sets, we say that Q is a pattern of V, if there exists 
P £ V such that Q is a pattern of P. We write Qp for the set of all patterns 
of V, see also Definition 15.31 For a pattern Q of P, every compact set 
y C M such that Q = P CiV is called a support of Q, and we say that Q 
is a ^-pattern of P. Two subsets V,V' '^ M are called (T-) equivalent, if 
xV = V for some x € T. 

For P € VriM), Q C P a pattern of P and D Q T, we analyse the 
number of equivalent patterns of Q in P. Fixing m G M, one may consider 
the two different sets 

MoiQ) ■.= {QQP:3x£ D-^ ■.xQ = Q}, 

M'jyiQ):={QQPnD-^m:3xeT ■.xQ = Q} 

for this purpose. Note that the set M'^iQ) depends on the choice of m G M, 
in contrast to the set M^iQ). For this reason we will use M^iQ) for pattern 
counting in Definition 12.241 The set M^iQ) is a subset of the equivalence 
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class of Q. The next lemma describes how these two sets grow with the 
volume of D. 

Lemma 2.22. Assume that T is even unimodular. Fix a F0lner sequence 
{Dn)ne'N- Let Q be a pattern of Vr{M) and fix P £ Vr{M). Then we have 
the asymptotic estimates 

card(MD„(Q)) =0(vol(D„)), ^ 

card(M^jg)) = O (vol(i?„)) , ^"^ ^ ^^' 

If iDn)ne'N is even a van Hove sequence, and if Q '^ Tm, then 

card(M;5jQ)) = card(Mfl„(Q)) + o( vol(D„)) (n ^ oo). 

The 0-term.s and the o-term, may be chosen uniformly in P £ Vr{M). 

Remarks 2.23. (i) The condition Q C Tm is satisfied for a transitive 
group action, since Tm = M in that case. 

(ii) The number of equivalent copies of Q in ^ may also be analysed by 
counting corresponding group elements of the group T. One may consider 
the two different sets 

Td{Q) := {x G D-^ -.xQCP}, 

(2.12 
T'^{Q):={xeT:xQCPnD-^m}. 

The set T'^{Q) is commonly used for pattern counting, see [SI ILeMSj . but 
depends on the choice of ?tt, S M. In order to relate this to the above 
approaches of pattern counting, consider the map / : Tfj (Q) — )• Mj^ (Q), 
given by X 1-^ /(^) •= xQ. This map is onto. It is readily checked that 
/ is one-to-one, if Q ^ 0, the group T is free on Q and does not contain 
a nontrivial element of finite order. Hence, in that case, both approaches 
coincide. 

Our central notion of pattern counting is 

Definition 2.24. Let (Z?n)nGN be a F0lner sequence in T and let P,Q£ 
Vr{M) be point sets with \Q\ < oo. (In particular, Q may be a pattern of 
P). If the limit 

fn-,- P(n(n\ \ v card (Mi, JQ)) 

exists, we call it the pattern frequency of Q. In most cases we suppress its 
dependence on P and the F0lner sequence in our notation. 

Lemma 2.25. Assume that T is even unimodular. Let {Dn)neN be a F0lner 
sequence in T and let P,Q£ Vr{M) be point sets with \Q\ < cxd. Then 

(i) the quotient which arises in the definition of the pattern frequency is 
bounded, 

card(Mz5„(g)) 

„gN voi(z;„) 
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In other words, since limsup and liminf of caid{M£)^{Q))/\o[{Dn) 
are always both finite, existence of the pattern frequency v{Q) is only 
a matter of whether they coincide. 
(ii) // {Dn)n(^n is even a van Hove sequence and if the pattern frequency 
v^{Q; {Dn)nm) exists, then v^{xQ] {Dn)nen), i^^iQ; ixDn)n£N) and 
u^^ [Q; {Dn)n&i) exist and are all equal, i.e., 

V^[xQ; {Dn)nm) = ^^{Q; {xDn)neN) 

for every x G T. 

In order to relate ergodicity to pattern counting, we require a certain type 
of rigidity for point sets. 

Definition 2.26. Let V C Vr{M) be a collection of point sets and Q-p C 
Vr{M) the collection of its patterns. 

(i) V is oi finite local complexity (FLC), if for every compact set F C M 
there is a finite collection J-^piy) C Q-p of (w.l.o.g. mutually non-equivalent) 
patterns, such that every pattern of V, which admits a support equivalent 
to y, is equivalent to some pattern in F'p{V). 

(ii) V is locally rigid, if for every Q G Q-p there exists e > such that 
for all Q G Qp and for all x G T the properties xQ C {Q)e and Q C {xQ)e 
imply that Q and Q are equivalent. 

The following lemma discusses and relates the above notions. For V C 
Vr{M) and V C M, define V ^V := {P r\V : P eV} (^ Vr{M). 

Lemma 2.27. Let V C Vr{M) he a collection of point sets. Then 

(i) V is FLC if and only if Xp is FLC. 
(ii) IfV is FLC, then V is locally rigid. 

(iii) IfVis locally rigid and if Qp AV is closed in Vr{M) for all compact 
V C M, then V is FLC. 

Remarks 2.28. (i) If V is finite, then FLC is equivalent to local rigid- 
ity. This holds since for finite V the set Qp A F is finite for all compact 
V C M, due to uniform discreteness. In particular, it is closed in Vr{M). 



(ii) The proof of Lemma 2.27 (i) shows that in the FLC case every pat- 



tern of Xp is equivalent to some pattern of V. 

Restricting to collections of point sets of finite local complexity, we can 
now state a geometric characterisation of ergodicity and of unique ergodicity. 

Theorem 2.29 (Ergodicity for FLC sets). Assume that T is even unimodu- 
lar and that T has a tempered van Hove sequence {Dn)ne'N- Let V C Vr^M) 
be a collection of point sets of finite local complexity. Let n be a T -invariant 
Borel probability measure on Xp. Then the following statements are equiv- 
alent. 

(i) The measure /i is ergodic. 
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(ii) For every pattern Q in the set Q-p of all patterns ofP, there is a subset 
X C X-p of full ^-measure such that the pattern frequency ^{Q) = 
^ \Qi {Dn)neN) exists for all P ^ X and is independent of P G X. 

If any of the above statements applies, then every pattern frequency ^{Q), 
Q G Q-p, is independent of the choice of the tempered van Hove sequence. 



The system Xp is uniquely ergodic iff (ii) holds for all patterns Q E Qp 
with X = Xp, that is, for every P G Xp. In that case, the van Hove 
sequence needs not to be tempered, and every pattern frequency iy{Q), Q G 
Q-p, is independent of the choice of the van Hove sequence. Furthermore, 
the convergence to the limit underlying the definition of each ^{Q) is even 
uniform in P ^ Xp. 

In the following proposition, we give a characterisation of unique ergodic- 
ity in terms of properties of V instead of X-p . This characterisation is often 
referred to as uniform pattern frequencies, compare jSl Thm. 3.2], jLeMSl 
Thm. 2.7], and [LB Def. 6.1]. 

Definition 2.30. Fix a van Hove sequence {Dn)n&i and let V C Vr{M) be 
given. We say that V has uniform pattern frequencies, if for every pattern 
Q oi V the sequence (i/n (Q))„ppj) defined by 

p card {{QQP:3xe DnV ■ xQ = Q}) 

"' ^^^ '■= ^oUM ' (^-^^^ 

converges uniformly in (y, P) G T x "P, and if its limit is independent of 
iy,P)eTxV. 

Remarks 2.31. (i) If M = T = M with the canonical group action, 
and if "P = {P} is linearly repetitive, then V has uniform pattern frequencies, 
see JLPllDL] . 

(ii) If V has uniform pattern frequencies, then the limit of (|2.13p is 
also independent of the choice of the van Hove sequence according to The- 
orem 12.291 and 

Proposition 2.32 (Unique ergodicity for FLC sets). Assume that T is 
even unimodular and has a van Hove sequence {Dn)n£n- Let V C Vr{M) 
be a collection of point sets of finite local complexity. Then the following 
statements are equivalent. 

(i) Xp is uniquely ergodic. 
(ii) V has uniform pattern frequencies. 

At the end of this section we investigate which values an ergodic mea- 
sure on Xp can assign to cylinder sets. Cylinder sets play a prominent 
role in the constructions of |LeMSj . compare also |Lenj . and are defined 
as follows: it is well-known |Kel Lemma 4.5] that the compact metrisable 
topological space VriM) can be embedded into the compact product space 
n^eCc(M) Ui^r{M)), with injection map i given by i{P){f^) = f^{P)- This 
motivates to call f^^{0) C Vri^M) an open cylinder if O C M open and 
ip G Cc{M), and finite intersections thereof are called cylinder sets. 
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We give an example of open cylinders in Vr{M) with a simple geometric 
interpretation. Let [/ C M be an open relatively compact ball such that 
diam(C/) < r. Take Lp G Cc{M) such that (/7~^({0}) = M\U. (A possible 
choice is 99 = d{-, V^), where d{-, •) denotes the metric on M.) Consider the 
open cylinder 

Cu := {P G VriM) : /^(P) / 0} = f-\R \ {0}). 

It consists of all those point sets of Vr{M) which have exactly one point 
in U . Note that Cjj is independent of the particular choice of 99 G Cc{M) 
with supp(c/?) = U . For open cylinders Cu^ , ■ ■ ■ , Cu^, as above, we denote the 
cylinder set of their intersection by 

k 

Cu:=f]Cu,. (2.14) 

i=l 

In the case of finite local complexity, the pattern frequencies determine 
the values which an ergodic measure assigns to such cylinder sets. The 
following proposition extends |LeMSl Cor. 2.8, Lemma 4.3]. 

Proposition 2.33. Assume that T is even unimodular and has a van Hove 
sequence. Let V C VriM) be a collection of point sets of finite local complex- 
ity. Let n be an ergodic Borel probability measure on X-p. Furthermore, let 
Q = I?!) • • • )%}; fc G N, 6e a nonempty pattern of X-p. Choose e g]0, r/2[ 
such that all patterns of X-p in {Q)e of cardinality k are equivalent to Q. For 
i G {1, . . . ,k}, consider the pairwise disjoint sets Ui := B^{qi) and define 
U := Ui=i ^i- Then the corresponding cylinder set ()2.14p has ^-measure 

KCu) = i^{Q) vol(Z),), 
with I?£ := {x G T : xQ Q U} CT being open and relatively compact. 

IfTis even Abelian and acts transitively on M , then we have the equality 

vol(D,) = card(5fc(Q))C., 

where C,£ := vol({x G T : xm G i?e(rn-)}) does not depend on m € M and 
where Sk{Q) is the group of 'T -realisable" permutations of Q, i.e., 

Sk{Q) := {vr G 5jt : 3x G r such that xg^(j) = qi for all i £ {1, ... , k}}, 

with Sk denoting the permutation group on {1, ... ,k}. 

3. Dynamical systems for randomly coloured point sets 

In this section, we supply the point sets of the previous section with a 
random colouring. The results obtained here will be applied to randomly 
coloured graphs in the next section. All proofs are deferred to Section [6l 

In addition to a base space M and a metrisable group T satisfying As- 
sumption [211] in the previous section, we consider a non-empty, locally com- 
pact, second-countable topological space A, which we call colour space. 

Lemma 3.1. The product space M := M x A, equipped with the product 
topology, constitutes a base space in the sense of Section^ The continuous 
and proper action a of T on M induces a continuous and proper action 
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a : T X M ^ M of T on M by setting 3(x, (m,a)) := (xnija). Thus, M 
and T satisfy As sumption \2.1[ We fix a T -invariant proper metric d on M 
that is compatible with the topology on M . 

Remarks 3.2. (i) When acting on M, the group T simply transports 
the colour a of m along with m. 

(ii) The maximum metric of the T-invariant proper metric d on M and 
some metric generating the topology on A is an admissible choice for the 
metric d in LemmaETTl because it is T-invariant and because every metric on 
M which generates the product topology is equivalent to the proper metric 
d of Lemma 13. H and hence proper itself. 

Lemma 13.11 and the arguments in the previous section imply that the 
space Vr{M) of uniformly discrete point sets with radius r in M is a compact 
metrisable space with respect to the vague topology. The vague topology 
is defined as in Definition 12. 6t but with M replaced by M. The continuous 
action a induces a continuous group action on Vr{M) by setting 

xP := {{xm,a) e M : {m,a) e P} e Vr(M) (3.1) 

for P € Vr{M). Again, the group action does not lead out of ■p,.(^'^) because 
of T-invariance of the metric d. To summarise, all results established for 
Vr{M) in Section [2] remain true for Vr{M). 

Rather than working with general subsets of M, we are interested in those 
subsets for which each point of M comes with exactly one colour. 

Definition 3.3. (i) For a given point set P C M we set Op := 
XpgpA and call P'"^' = {(p, a;(p)) : p € P} C M a coloured point set 
with colour realisation uj S Q,p. 

(ii) Given a collection V C Vr{M) of point sets, we introduce the collec- 
tion of all associated coloured point sets C-p := {P^'^-' : P ^ V,uj ^ Op}- In 
particular, we write Cr{M) := C-p^^^M) for the space of coloured, uniformly 
discrete points sets of radius r and X-p := Cx-p for the space of coloured 
closed T-orbits. 

Remarks 3.4. (i) Let vr : M — > M, (m, a) i— )■ m, be the canonical 
projection onto the space M. Then, P C M is a coloured point set if and 
only if the restriction 7r|p is injective. 

(ii) If P € VriM), then p('^) G Vr{M) for every w G Qp. Thus, we have 
C-p C Vr{M) in the above definition, and Cp inherits the vague topology 
from VriM). 

(iii) We equip ilp with the product topology (which is metrisable, since 
A is a metric space and the product is countable). The product topology 
on Vtp and the vague topology on Cp coincide, when the two spaces are 
canonically identified by a; o P^^^K This is seen by noting that for both 
topologies convergence means pointwise convergence. 

Compactness of spaces of coloured point sets is established in 



18 P. MULLER AND C. RICHARD 

Proposition 3.5. Let V C Vr{M) he given and assume that V is closed 
in Vr{M). Then the metrisahle space C-p is closed in Vr{M) and hence 
compact. In particular, Cr{M) and X-p are compact. 



It follows from ()3.ip that the action of x G T on a coloured point set 
P^"^) G Cr{M) can be described as 

xpH = {xP)^^^^\ (3.2) 

Here, we introduced the measurable shift r^ : J7p — )• ^^..p, w i— )• TxUj, between 
probability spaces, given by {Txio){xp) := oj{p) for all p & P. 

We are particularly interested in T-invariant, compact spaces of coloured 
point sets. Therefore the following is useful. 

Lemma 3.6. For V C VriM) we have 



Xv = {xP^^) -.xGT, PH G Cv} (3.3) 

where the closure is taken with respect to the vague topology. The group 
action ao : T x X-p —^ Xp, {x,P) >—^ xP is continuous. 

The preceding proposition and lemma imply 

Corollary 3.7. Let V C Vr{M) be a collection of point sets. Then 
(Xp,T,ay ) is a compact topological dynamical system and the Ergodic 
Theorems [2Til and [2T6] hold for Q = Xp. U 

Since we want to describe randomly coloured point sets, we will now 
introduce suitable probability measures on the Borel spaces {ytp.,Ap) for 
different P. Here, Ap := ®p(zp A is the product over all points in P of 
the Borel ci-algebra A on A. It coincides with the Borel a-algebra on i7p 
[Kal Lemma 1.2]. For y C M and P G Vr{M) we define the local a-algebra 



.Ap as the smallest cr-algebra on J7p such that the canonical projection 

{Vlp^Ap ) — )• (ripnVi A-pny) is measurable. It is the cr-algebra of events 
concerning only colours attached to points va. P f^V . 

For V C Vr{M) consider a family of Borel probability measures Pp on 
(Qp, A.p), which is indexed by P G Xp. 

Assumption 3.8. This is a list of properties which the family (Pp)pgx-p 
may satisfy or not. 

(i) T-covariance. Fxp = Pp o t^^ for all x G T and all P G Xp. 
(ii) Independence at a distance. There exists a length g > such that 

for every P G Xp and every 14,1/2 C M with diVi, V2) > Q the local 

(T-algebras A.p ,A,p are Pp-independent. 
(iii) M- compatibility. For every / G C{Xp) the colour average Ef : 

Xp — > M, defined by 

Ef{P):= f dPp(^)/(p(")), PeXp, (3.4) 

is a measurable function. 
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(iv) C -compatibility. For every / € ClX-p) we have Ef € C{X-p). 

Independence at a distance can be interpreted as interactions of finite 
range between points in the point set. Such type of interaction has relevance 
in statistical mechanics, see for example [Si] . 

In the next lemma we give two examples for a family (Pp)pgx-p of mea- 
sures which satisfy all of the above assumptions. The second example in- 
volves a common random field ^ : S x M — )• A, (a, m) i— )• ^^^' {m) over 
M with values in A, where (S,^',P') is some given underlying probability 
space [Aj. We will also need the strong mixing coefficient [Doj of ^, defined 

by 

M^o 3 i^ ^ <L) := sup{k(1^i, V2) ■.Vi,V2^M, d{Vi,V2) > L}, (3.5) 

where ^(^1,^2) := sup{|P'(A; n A'2) - F' {A[)r {A'^)] : N- G ^'(Fj) for j G 
{1, 2}} ^ 1/4 measures the correlation of the local sub-cr-algebras ^'(V^) of 
events generated by the family of random variables {(}-'(jn) : m G Vj}. 

Lemma 3.9. (i) Let T he a Borel probability measure on (A, ^), and 
define Pp := (^„gpP for every P G Xp. Then, the family of measures 



(F'p)p^x-p satisfies the Assumptions 3.8 (i) - (iv) 



(ii) Let (S, A', P') be a probability space and /ei ^ : S x M — )■ A, (a, m) 1— t- 
^''^'(tti) be an A-valued random field over M which is jointly measurable, 
T-stationary, has a compactly supported strong mixing coefficient, and has 
continuous realisations ^^'^' : M — )• A for F'-a.a. a ^ Ti. For a given point 
set P G X-p we define the map Sp : S — )• i7p, a 1— )• Hp(cr) := C |p- Then, 
Pp := P' o Hp is a Borel probability measure on {Q.p,Ap), and the family 
of measures (Pp)pgX73 satisfies the Assumptions 3.8 ( 



IV, 



The main goal of this section is to characterise an ergodic Borel probability 
measure Jl on X-p in terms of an ergodic Borel probability measure /i on 
uncoloured point sets Xp and the colour probability measures (Pp)pgx-p- 
This will be achieved in Theorem 13.111 below. A crucial ingredient of the 
proof is the following statement, which is inspired by and generalises |IIo31 
Lemma 3.1]. 

Theorem 3.10 (Strong law of large numbers). AssuTne that T is even uni- 
modular and admits a F0lner sequence {Dn)neN- Fix f G C{Xp), P G Xp 
and suppose that Pp has the property "independence at a distance" as in 



Assumption 3.8 (ii) , For n G N define the random variable Yn : Jlp -^M. by 
^-H-=^77Tt/ dx/(xP('^)), uenp. (3.6) 

Then we have for Fp-almost all oo G ilp the relation 

lim (Vniu:)- f dPp(7?)y„(7?)) =0. 



(3.7) 



'Qp 
We are now ready for the main result of this section. 
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Theorem 3.11. Assume that T is even unimodular. Let V Q Vr{M) he a 
collection of point sets. Fix an ergodic Borel probability measure /i on X-p 
and a family of Borel probability measures (Fp)p^x-p satisfying Assump- 
tions 3.8 (i) - (iii) , Then there exists a unique ergodic probability measure fl 
on X-p such that the following statements hold. 

(i) For every f G L^{Xp,Jl) we have 






'^'^). (3.8) 



(ii) For every f G L^{Xp,'j2) and every tempered F0lner sequence (-Dn)neN 
in T the limit 



1™ -ITfT^ I dx/(xP(-))= / d/2(Q('^)) /(Q('^)) 

n-^oo V0l(D„) Jd^ Jx^ 



(3.9) 



exists for fi- a. a. p('^) £ X-p. In fact, the limit exists for ^x-a. a. P G Xp 
and for¥p-a.a. cj G ilp. 



If Xp is even uniquely ergodic, if {^p)p^x-p satisfies also Assumption 3.8 (iv) 
and if f is continuous, then the limit ()3.9p exists for all P G Xp and for 
¥p-a.a. uj G ^p. In this case the F0lner sequence does not need not be 
tempered. 

Remarks 3.12. (i) The asserted uniqueness of the ergodic measure fi 
in the theorem does not mean that the dynamical system Xp is uniquely 
ergodic. It only means that fl is uniquely determined by the given ergodic 
measure ^ on Xp and the measures {f'p)p^X'p on VLp. 

(ii) The corresponding Theorem 3.1 of |Ho3j is a statement about 
Bernoulli site percolation on the Penrose tiling. Our result is an extension, 
which covers both the aperiodic and the periodic situation, under weaker 
assumptions on the underlying point set, and for more general types of ran- 
domness. 

(iii) In contrast to a corresponding result jLenl Lemma 10], our Theo- 
rem 13.111 does not require a group structure of the base space M. Theo- 
rem 13.111 also makes a stronger conclusion in that exceptional instances are 
characterised beyond being /J-nuU sets. This is particularly useful in the 
uniquely ergodic case. 

At the end of this section we discuss which values the measure ju assigns 
to cylinder sets of coloured point sets. In view of the decomposition p.Sp 
we are interested in the relation to the ^-measure of the corresponding un- 
coloured cylinder set, see Section [2^31 Consider open, relatively compact sets 
Ui,...,Uk'^ M with diam(C/j) < r for i G {1, . . . , k}. Choose ipi G Cc{M) 
such that (p1 ({0}) = M \ C/j for i G {1, . . . , k}. Similarly, consider open, 
relatively compact sets Ai,. . . ,Ak C A and choose ipi, . . . ,ipk G Cc(A) such 
that Tp~ ({0}) = A\Ai. With /^^^ as in (|6.ip . we define the coloured cylinder 
set 

C^ := {P(-) G Cr{M) : /^.^.(P^^^) • . . . • f^„^b,{P^^^) + o}, (3.10) 
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where JJ := UiX . . .xUk and A := Ai x . . . x A^. The set C^ is independent 
of the particular choice of the functions (pi and V'i with supp((^j) = Ui and 
supp('i/'i) = Ai, and it consists of all coloured point sets such that Ui contains 
exactly one point of the underlying point set, with corresponding colour 
value in Ai, for i G {1, . . . , k}. In the case of i.i.d. colours, we have a nice 
product formula for the measure of such a cylinder set, which is stated in 

Proposition 3.13. Assume that T is even unimodular and admits a F0lner 
sequence. Fix f € C{X-p), P € X-p and an ergodic Borel probability measure 
ji on X-p. Let T be a Borel probability measure on (A, A) and for every P E 



A 



Xp consider the product measure Pp := <S>p£P^ ^^^ ^-P; -^^e Lemma 3.9 (i) . 
Assume in addition that the sets Ui, . . . ,Uk of the coloured cylinder set C^ 
in (|3.10p are pairwise disjoint. Then 

Jl{C{^) = fi{Cu)F{Ai)-...-¥{Ak), 
where C\j C Xp is the corresponding uncoloured cylinder set (j2.14p . 



4. Application to graphs 

One of our reasons for dealing with base spaces without a group structure 
in the previous sections is that this allows for a description of simple graphs 
[Dij . Most statements in this section do not require extra proofs, because 
they follow from applying the general results of Sections [2] and [3l More 
generally, one could treat simple directed graphs or even hypergraphs |Di] 
by the same methods. 

4.1. Graphs as point sets. Let V be a base space, i.e. a non-empty, 
locally compact and second-countable Hausdorff space and T a metrisable 
group. As in Section \2A] we require 

Assumption 4.1. The group T is non-compact and its left action ay : 
T X V — 7> V, {x,v) 1-^ XV, on V is continuous and proper. Moreover, we fix 
a T-invariant proper metric dv on V that generates the topology on V. 

Hence, T is also locally compact and second countable, compare Re- 



marks 2.2 (iii) and (iv) 



Next we consider the space M := (V x V)/~ with the quotient topology, 
arising from V x V with the product topology of V. Here, the equivalence 
relation ~ identifies {v,w) € V x V with (w, v) E V x V, and we write 
m = m^^w = niuj^v £ ^ for the corresponding equivalence class. Clearly, the 
definition 

d{m^i^wi,rny2,w2) ■= min | max{dv(f^i,f^2),c^v('W^i, ^2)}, 

m.ayi{dY{vi,vu2),dY{v2,wi)}[ (4.1) 

for all vi,V2,wi,W2 G V provides a T-invariant proper metric d on M that 
is compatible with the topology on M. 
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Lemma 4.2. The space M is a base space and, together with the induced 
action a : T x M ^ M , a(x, mv,w) '■= XTUy^w := mxv,xw ofT on M , satisfies 
Assumption 12.11 

As to the proof the lemma, we note that M is clearly non-empty, locally 
compact and second-countable, and thus a base space, equipped with the 
T-invariant proper metric 14.11 Also, continuity of the induced action a is 
evident. The proof is then completed by the first part of 

Lemma 4.3. (i) The induced action a on M is proper. 

(ii) // T does not contain an element of order two and ay o-cts freely, 
then so does a. 

Remarks 4.4. (i) A proof of the lemma can be found in Section [71 
(ii) Transitivity of ay does not imply transitivity of a. 

Definition 4.5. A point set G C M is called a (simple) graph (in V), if 
fnv,w G G for w, w € V implies ruy^y G G and mw,w G C A graph G ^ M 
has the vertex set Vg := {w G V : m^^y G G}, which is a point set in V, and 
its edge set is given by £g '■= {{v,w} : v,w £Y,v^ w, ruy^^ G G}. 

Remark 4.6. Every graph G C M is a simple graph |Dij . that is, without 
self-loops or multiple edges between the same pair of vertices. It is easy to 
see that G is a uniformly discrete subset of M with radius r, if and only if 
Vg is uniformly discrete in V with the same radius. Also, relative denseness 
of G with radius R implies relative denseness of Vg with radius R. The 
converse statement does not hold. This is seen from a graph with relatively 
dense vertex set, but without edges. Relative denseness of the point set G 
implies the existence of vertices with infinitely many incident edges. 



4.2. Ergodicity for dynamical systems of graphs. In this section we 
will apply the ergodic results from Section [2] to graphs. The space Vr{M) of 
uniformly discrete point sets in M = (V x V)/~ with radius r is a compact 
metrisable space with respect to the vague topology of Definition 12.61 The 
action a on M induces in turn a continuous group action on Vr{M) by 
pointwise shifts as in Section [2l Consequently, all results established for 
Vr{M) in Section [2] are available in the present context. 

Definition 4.7. For r g]0, oo[ we introduce the space 

GriM) := {G G Vr{M) : G is a graph} (4.2) 

of graphs in V with uniformly discrete vertex sets of radius r. It inherits the 
vague topology from Vr{M). 

We omit the obvious proof of 

Proposition 4.8. Qr{M) is closed, hence compact in Vr{M). Moreover, 
Qr{M) is T-invariant. D 
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Again, we are interested in closed (hence compact) and T-invariant sub- 
sets of Qr{M). An example is given by 



Xg ■.= {xG:xeT,Geg}<Z GriM) (4.3) 

for some given subset G C Qj.{M). We denote the continuous group action 
of T on Xg by axg and are now ready to apply the general ergodic results 
of Section [2j 

Corollary 4.9. Let Q C Qy.[M) he given. Then (Xg,T, axg) is a compact 
topological dynamical system and the Ergodic Theorems 12.141 and 12.161 hold 
forQ = Xg. D 

G' is called a subgraph of G, if G' C G and if G' is a graph. A subgraph 
G' of G with a finite vertex set is called a patch of G. Every patch of G 
is a pattern of G. A pattern Q of G is a patch of G if and only if Q is a 
subgraph of G. For a collection Q C ^^(M) of graphs, we call G' a patch 
of G, if there exists G G G such that G' is a patch of G. Every compact set 
y C V such that Vc = Vg n F is called a support of the patch. 

It is easy to see that a collection Q C GriM) of graphs has finite local 



complexity in the sense of Definition 2.26 (i) if and only if for every compact 



set y C V there is a finite collection J~'g{V) of patches, such that every patch 
of Q, which admits a support equivalent to V, is equivalent to some patch 
in Jg(F). 

In analogy to the case of point sets, we have the following characterisation 
of ergodicity and of unique ergodicity. 

Theorem 4.10 (Ergodicity for FLC graphs). Assume that T is even uni- 
modular and that {Dn)n£n is a tempered van Hove sequence in T. Let 
Q C Qj.{M) he a collection of graphs of finite local complexity. Let fi he 
a T-invariant Borel probability measure on Xg. Then the following state- 
ments are equivalent. 

(i) The measure fi is ergodic. 

(ii) For every patch H of G, there is a set X C Xg of full ii-measure, such 
that the limit 

, , card({# (lG:^x^Dn:xR=m\ , ^ 

u(H) := lim ^^ = -^ i^ 4.4 

exists for all G G X and is independent of G G X . 

Lf any of the above statements applies, then the limit ()4.4p is independent of 
the choice of the tempered van Hove sequence. 



Furthermore, the dynamical system Xg is uniquely ergodic iff (ii) holds for 
all patches H of G with X = Xg, that is, for all G € Xg. In that case, the 
van Hove sequence needs not to he tempered, and the limit (j4.4p is indepen- 
dent of the choice of the van Hove sequence. Moreover, the convergence to 
the limit in (j4.4p is even uniform in G a Xg. 

Remarks 4.11. (i) A proof of the theorem can be found in Section [71 
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(ii) Assume that condition (ii) in the above theorem is satisfied, and 



let Hi and H2 be equivalent patches of Q. We then have i^{Hi) = v{H2), 



compare Lemma 2.25 (ii) 



(iii) Analogously to Proposition 12.321 there is also a characterisation of 
unique ergodicity in terms on uniform patch frequencies. 

4.3. Randomly coloured graphs. Dynamical systems for coloured 
graphs are constructed as in Section [3l The only difference is that Vr{M) 
will be replaced by Qr{M). A coloured graph G^'^' , where G C M is a 



graph and 00 € Qq-, is given as in Definition 3.3 (i) Copying the proofs of 
Proposition 13.51 and Lemma 13.61 we get 

Proposition 4.12. If G '^ QriM) is closed in QriM), then the metrisahle 
space 

Cg:={G^''^ -.Gag^ujeVLG} (4.5) 

is closed in Qt.{M) and hence compact. In particular, Cg^,(Af) C''^^^ 



Xg := Cxg = {xGH -.xi^T, G^^) G Cg] (4.6) 

are compact. Moreover, the group action ao : T x Xg — >■ Xg, {x,G^^') i-^- 
xG^'^', which obeys (|3.2p . is continuous. HI 

Corollary 4.13. Let Q C Qj.[M) be given. Then (Xg,r, ao ) is a compact 
topological dynamical system, and the Ergodic Theorems 12.141 and 12.161 hold 
forQ = Xg. n 

Finally, we turn to randomly coloured graphs and, for given Q C Qj.[M), 
consider a family of Borel probability measures Fq on {0,g, Ag), which is in- 
dexed by G S Xg . Assumptions 13.81 read exactly the same when formulated 
for the family {¥G)GeXg- In fact, we refer to this, when we cite Assump- 



tions [321 below. Noting Lemma 4.3 (i) , the Ergodic Theorem 13.111 takes the 



following form for randomly coloured graphs. 

Corollary 4.14. Let Q C Qr{M) be given. Fix an ergodic Borel probabil- 
ity measure fi on Xg and a family of Borel probability measures {FG)GeXg 



satisfying Assumptions 3.8 (i) - (iii). Then there exists a unique ergodic 



probability measure fi on Xg such that the following statements hold. 
(i) For every f G L^{Xg,fi) we have 

d/2(G(-)) /(G(-)) = / d/x(G) / d¥G{oo) /(GH). (4.7) 

Xg J Xg J^G 

(ii) For every f G L^{Xg,fi) and every tempered F0lner sequence {Dn)n&i 
in T the limit 

1™ ^777T / d^ /(^G'(-^) = L dMH^"^^) f{H^^^) (4.8) 

n^oo V0l(D„) Jd^ Jxg 

exists for fi- a. a. G^'^> G Xg. In fact, the limit exists for fi- a. a. G G Xg 
and for Pc-a.a. uj G J^g". 
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IfXg is even uniquely ergodic, if {¥G)G€Xg satisfies also Assumption 3.8 (iv) 
and if f is continuous, then the limit (|4.8p exists for all G £ Xg and for ^g- 
a.a. uj £ Qg- IiT' this case the F0lner sequence does not need to he tempered. 

When colouring graphs randomly, one may wish to distribute colours 
on vertices differently from colours on edges. This is possible within our 
framework, as is shown by 

Example 4.15. Let P^ and Pe be two Borel probability measures on (A, A). 
Given a graph G £ Q CI Qr{M), we define 

IPg:= (g) n (g) Pe (4.9) 

on (ilc^G), which corresponds to an i.i.d. distribution of colours on ver- 
tices and an independent i.i.d. distribution of colours on edges. Then, the 



family of measures (PG)GeXg satisfies Assumptions 3.8 (i) - (iv) Indeed, T- 



covariance and independence at a distance are obvious, and C-compatibility 



can be verified as in the proof of Lemma 3.9 (i) In doing so, we use that the 
identity (|6.5p in the proof of that lemma has an analogue in the present con- 
text of graphs because, if G, G' € Qr{M), m € G, m' G G' and d{m, m!) < r, 
then m and m' are either both vertices or both edges due to uniform dis- 
creteness. 

5. Proofs of results in Section [2] 

For the convenience of the reader we have also included proofs of the more 
elementary results in Section [2. 11 



5.1. Proofs of results in Section 12.11 

Proof of Lemma 12.31 (i) =^ (ii) . Let Vi , V2 C M be compact and observe 
the identity Svi,V2 — '^t{o:~^{V2 x Vi)), where ttt stands for the canonical 
projection T x M ^ T. Hence, properness of the map a and continuity of 
7Tt yield the claim. 

(ii) =^ (hi). Let Ui,U2 ^ M he relatively compact. Then, Sui,U2 is rel- 
atively compact because it is contained in S—jj^, which is compact by hy- 
pothesis. 

(iii) ^ (iv). The sets Ui := {?n,„ G M : n S N} and U2 := {xnrrin € 
M : n £ N} are relatively compact in M because the sequences converge. 
Since {xn € T : n G N} C Su-^,U2i ^"^^ the latter is relatively compact by 
hypothesis, we infer the claim from the Bolzano- Weierstrafi theorem. 

(iv) ^ (i). Let y(2) c M X M be compact. Then Z := 5-^(^(2)) jg 
closed in T X M by continuity of a. Let ((x„,?tt.„))^ j^ be any sequence 
in Z. Then ((x„?TT.„,m„))^ j^ C V^"^' , and compactness allows to choose 

a convergent subsequence {xnimn,,rnni) — )■ {m',m) G V^"^' as ^ — >• 00. In 
particular, every component converges and (iv) yields the existence of a 
further subsequence (xn, )fceN ^ T, which converges in T. Let us denote its 
limit by x. Since Z is closed, we have (x„j , mm ) —^ {x,m) £ Z as k ^ 00. 
This proves compactness of Z. D 
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Proof of Lemma 12.81 (i) => (ii) . This holds by continuity. 

(ii) => (iii). Fix m € M. Case 1: assum,e m ^ P. Let e > and define 
(p € Cc{M) by ip{m') = 1 — d[m,m')/e for m! G B^{m) and ip{m') = 
otherwise. Then we have fip{P) ^ 1 and hence f,p{Pk) > for finahy all 
/c G N by (ii). But this means that Pk n Bs{m) ^ for finally ah A; G N. 
Case 2: assum,e m ^ P. Choose e > such that P D B2e{rn) = 0. Define 
if G Cc{M) by ip{m') = 1 — d{'m,m')/2e for m' G B2e{m) and Lp{m') = 
otherwise. Then we have ftp{P) = and hence ftp{Pk) < 1/2 for finally all 
A; G N by (ii). But this means that Pk n Be{m) = for finally all /c G N. 

(iii) => (iv). Let P be the set of points satisfying condition (iii)-(a) and 
define N := M\P. We first show that P G Vr{M). To see this, take 
arbitrary m (z M and assume that p,q a P Br{m). Then there exist for 
finally all A; G N points Pk,Qk ^ Pk such that Pk ^ P and g^ — >■ g as A: ^ oo. 
But then Pk,qk ^ Pk f^ Br{m) for finally all A: G N, which implies pk = qk 
for finally all A; G N due to uniform discreteness of Pk- Hence p = q and 
caTd{P n Br{m)) = 1. 

Since V is compact, Pf := PCiV is finite. Let for m a N denote by e{m) > 
a number satisfying Pk B^i^\{m) = for finally all A; G N. Now fix e > 0. 
Compactness of V yields the existence of a finite set Nf C A^ such that 
y C {Pf)£ U UmGAff -^e(m)(™')- We therefore have for finally all A; G N the 
inclusions 



((P),U U i?,(„)(m)] =Pfen(P), C(P)„ 



Pkr\Vcp,n ^^ ,_ 

leAf/ 

where we used the assumption (iii)-(b) for the equality sign. The remaining 
inclusion follows from P CiV = Pf C (Pk),; for finally all A; G N due to 
assumption (iii)- (a). 

(iv) =^ (i). Let ipi, . . . ,ipn G Cc{M) and ei, . . . , e„ > be given. For an 
arbitrary i G {1, . . . , n}, define the compact set Vi = supp(93j) and denote by 
nj G N an upper bound for the number of points which a uniformly discrete 
point sets of radius r may have in Vi. By continuity of (^j, we may choose 
5i G]0,r[ such that we have \ipi{m) — ipi{m')\ < ei/rii for all m,m' G Vi 
satisfying d{m,m') < 5i. This means in particular that |(/?j(?tt,)| < Ei/rii for 
all m G Vi such that d{7n,Vf) < 5i. By assumption (iv), with e = 5i and 
V = Vi, this implies for finally all A; G N the estimate 

If^^Pk) - f^AP)\ < e^■ 

Since i G {1, . . . ,n} was arbitrary, this means that for finally all A; G N we 
have Pk G U^,,e^iP) n . . . n C/^„,.„(P). □ 

Proof of Proposition \2.9[ Let (Pn)neN ^ Vr{M) be given. It suffices to show 
that (P„)„gN contains a convergent subsequence, since Vr{M) is metrisable. 
Since M is u-compact, we can find a countable open cover {Br{mj))j^fq 
of M with rrij G M for j G N. For j G N fixed, consider the sequence 
{Pn n Br{mj))n£f^. Exactly one of the following two cases occurs. Either 
there is A'^- G N such that P„ n Br{mj) = for all n > Nj, or there is a 

subsequence {nk)keN ^ I^ such that ^ Pn,. n Br{mj) =: {pnl}. Due to 
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relative compactness of Br{mj) we assume w.l.o.g. that the induced point 
sequence (pn^jfeeN converges in M. 

Now, consider the sequence {Pn n Br{mi))neN- In the second case of the 
above scenario, choose a subsequence (P (i))fcppj of {Pn)neN such that the 

k 

induced point sequence (p m)fcGN converges to some p^^' € M. Otherwise, 

set n^ := A'"i + A; for all /c G N. We repeat this procedure with the se- 
quence (P (1) n Br{m2)) f^ j^, yielding a subsequence (n^ )k of (n^ )fc, and 

k 

then successively for all j ^ 3. In this way we obtain nested subsequences 

i^k )fc — (""fc )fc ^^^ ^^^ J ^ ^- ^^ claim that by Cantor's diagonal se- 
quence trick, (P (fc))^ppj fulfills the convergence criterion of Lemma [2T8lf iii) 

k 

and thus converges to P := {p^^' G M : j € N} in the vague topology. 
Indeed, within each ball the set Br{mj) fl (UfceN^ C')) ^^ either empty or 

k 

the convergent sequence (p m)fceN with limit p"^ G M. Thus, alternative 
(b) must hold for every m € Br{mj), m ^ p''^' , otherwise (a) applies. D 

5.2. Proofs of results in Section 12.21 

Proof of Lemma \2.13[ (i). This follows readily from the F0lner property, as 
{LDn) \ Dn C <5^Z)„. 

(ii). For P>, ^ C T, it is straightforward to verify L{{KD) \E) C LKD n 
LE'^. This results in the implications 

L[{KD) \ i?) C I ^^^^^ ^ ^ ^ ^^^,^ ^ ^, . (5.1) 



Consider the first relation in (j5.ip for D = !)„ and for E = Dn- This yields 

L{{KDn) \ Dn) C {LKDn) \ Dn U {LDi) \ D^, 

where we used {DY — ^'^- Consider the second relation in (j5.ip for D = D^ 
and for E = D^. This yields 

L{{KD^) \ D'},) C (LKD^) \ D^ U (LD„) \ i5„. 

When combining these two implications, we obtain 

L{d^Dn) C d^^Dn U 5^P>„. 

Now the van Hove property yields the claim of the lemma. El 

Proof of Theorem 12.141 Until further notice in this proof we only assume 
that Q is a Polish space (i.e., completely metrisable with a countable base 



of the topology), see Remark 2.15 (ii) The ;U-almost-sure existence of the 



integral (j2.8p follows from Fubini's theorem. To prove (j2.9p we apply the 
general pointwise ergodic theorem of Lindenstrauss |Linl Thm. 1.2] for tem- 
pered F0lner sequences. Since this theorem requires to work with a standard 
probability space (also called Lebesgue space, see [H Thm. 2.4.1]), we con- 
sider the completed probability space (Q,/i) with the completed measure 
JJL living on the completion of the Borel cr-algebra. Then |Linj yields the 
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existence of a T-invariant function /* G L^{Q,fi) which obeys p,{f*) = fiif) 
and 

hm In{q, f) = r{q) for /x-a.e. q G Q. (5.2) 

But the hmit on the left-hand side of (j5.2p is clearly Borel measurable in 
g, since / is. Thus, we conclude /* G V-^Q,^), /^(/*) = /"(/) and that the 
exceptional set in ()5.2p can be chosen to be a //-null set. 

It remains to establish the chain of equivalences. 

(i) =► (ii). Since /i is ergodic, /* is /i-a.e. constant [BeMl Thm. 1.3]. 
Hence f*{q) = ^{f*) = ^jL{f) for /x-a.a. q e Q. 

(ii) => (iii). This is obvious. 

(iii) => (i). We are inspired by ideas in |Ho31 Thm. 3.1] and establish first 
an 

Auxiliary Lemma. For k ^ N let fi^.,/ G L^{Q,^) be given. Assume that 
11/ ~ fk\\i -^ as k ^ oo and that f^ = fJ-(fk) holds n-a.e. for all k E N. 
Then, f* = fJ,{f) holds fi-a.e. 



Proof of the Auxiliary Lemma. Eq. (j2.9p . the triangle inequality, Fatou's 
Lemma, Fubini's theorem and T-invariance of n provide the inequality 
IK/ - A-)1li ^ 11/ - fkWi. Thus IK/ - /fc)1|i ^ as A: ^ oo, which in 
turn implies the existence of a subsequence {ki)ifzfq such that (/ — /fcj* — >■ 
pointwise fi-a.e. as / — >■ oo. Now, the assertion of the Auxiliary Lemma can 
be seen from 

= lim (/ - fkX = r- lim fiifk,) = f*- Kf), (5.3) 

which holds /i-a.e. and where the rightmost equality follows from L^- 
convergence. n 

From now on we assume in addition that Q is locally compact. We use 
the Auxiliary Lemma to establish fi-a.e. 

(IkT = f^ilx) (5.4) 

for indicator functions Ik of compact sets K Q Q. To see this, fix a met- 
ric on the metrisable space Q that is compatible with the topology, and 
note that by local compactness of Q, there exists e > such that (K)^ is 
relatively compact. For n G N such that n ^ 1/e consider the relatively 
compact thickened sets Kn '.= (i^)i/„. Using the metric, we define contin- 
uous functions Qn '■ Q ^ [0, 1], such that ^^ = 1 on K, and g'„ = on K^ 
and supp{gn) C Kn. We thus have gn G Cc{Q) for all n ^ N. We also have 
L^-convergence of gn to Ik, since 

llS'n - Ixlli = / gniq)dfi{q) i^ fi{Kn\K). 

Jk„\k 

The latter expression vanishes as n — > oo by dominated convergence, since 
fJ'iQ) = 1, and since closedness of K implies lim„_>.oo ^Kn\K = 0- On the 
other hand, denseness ofV in Cc{Q) with respect to || • ||oo implies denseness 
with respect to || • ||i so that we infer the existence of a sequence {fn)n<=N ^ ^ 
with ||/„ — 1k\\i -^ as n — )■ oo. By hypothesis of (iii) we also have fi-a.e. 
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the equality /* = ^{fn) for all n G N. The Auxiliary Lemma then yields 

Now local compactness and second countability of Q ensure |Baul 
Thm. 29.12] inner regularity of the Borel measure /i, and another application 
of the Auxiliary Lemma yields (Is)* = fJ-i^s) almost surely for arbitrary 
Borel sets B (1 Q. In particular, for every T-invariant Borel set i? C Q we 
conclude from this n{B) = 1b{q) for fi-a.a. q £ Q. Hence, either fJ-{B) = 
or /u(i?) = 1, proving (i). 

n 

Proof of Theorem \2.16[ We adapt the line of reasoning in }jWa\ Thm. 6.19]. 
An alternative proof can be given using |Ful Thm. 3.5], compare also [SI 
Thm. 3.2]. 

The implication (i) => (ii) is obvious. 

(ii) =► (iii). Let fij, j € {1,2}, be two T-invariant Borel probability 
measures on Q. The estimate |/„(q,/)| ^ ||/||oo holds for all n E N, g € Q 
and f gV. This and dominated convergence imply liiRn^ao fJ'j{ln{-, f)) = 
fij(^I{f)) = I{f). On the other hand, Fubini's theorem yields ^j[ln{-, f)) = 
Hj{f) for all n G N and j G {1,2}. Hence, we get //i(/) = Ai2(/) for all 
f £ v. Now, denseness of T> and boundedness of ^j give Hi{f) = fJ'2{f) for 
all / G C{Q). Thus, ni = ^2-, as both belong to the dual space of C{Q). 

(iii) =^ (i). We prove that (i) holds with /(/) = /x(/). Suppose, this 
were false. Then there exists (7 g C(Q), e > 0, a subsequence {nk)kefi ^ N 
and a sequence {qk)keN ^ Q such that for all A; G N we have 

\InMk,9) - Ks)\ ^ e- (5.5) 

On the other hand, for every /c G N the linear functional /^^.(gfc, •) belongs 
to the closed unit ball in the dual of the Banach space C{Q), which is 
separable, since Q is metrisable |Bou21 Sec. X.3.3, Thm. 1]. The sequential 
Banach-Alaoglu theorem |Rul Thm. 3.17] asserts that this closed unit ball 
is weak*-sequentially compact so that for every / G C{Q) the sequence 
{-^rikiQk, f))j^^^ contains a convergent subsequence. Pick a countable dense 
subset C C C(Q) with ^r, 1 G C. Cantor's diagonal trick gives the existence of 
a common subsequence (re^JieN ^ 1^ such that lim^^oo -^ns, iQki,f) ='■ J if) 
exists for all f G C. Furthermore we have |J(/)| ^ ll/lloo for all f G C. 
Thus, J : C ^ M, / I— >• J(/), is a bounded linear functional. It is T- 
invariant, due to the F0lner property of {D„)n- It admits a unique bounded 
linear extension to C{Q), which we denote again by J. This extension is 
positivity preserving, i.e. J(/) ^ 0, if / ^ 0. Therefore the Riesz-Markov 
representation theorem [ReS^ Thm. IV. 14] yields the existence of a positive 
Borel measure v on C{Q) such that J(/) = u{f) for all / G C{Q). But 
J(l) = 1, which can be seen from the definition of J. Moreover, i' inherits 
T-invariance from J. Hence, 1/ is a T-invariant probability measure and 
thus z^ = /i by uniqueness. But h'{g) 7^ iJ,{g) on account of (|5.5p . which is a 
contradiction. 

So far we have obtained the equivalences (i) to (iii) and that in either case 
the limit /(/) equals /u(/). In particular, this limit does not depend on the 
chosen F0lner sequence. If fi is not ergodic, there exists a T-invariant Borel 
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set E such that < fJ.{E) < 1. Then a T-invariant probabihty measure 
u ^ fi is given by i^{B) := fi{B n E)/fi{E) for all Borel sets B. Since fi is 
the only T-invariant probability measure, we conclude that fi is ergodic. D 

5.3. Proofs of results in Section 12. 3L The Haar measure on T allows 
to estimate how many points of a given point set P G VriM) fall into some 
compact region in M. The following statement is a preparation for the proof 
of Lemma [2221 

Proposition 5.1. Assume that T is even unimodular. Let {Dn)n&i be a 
F0lner sequence in T. Then: 

(i) For every relatively compact set U Q M we have the asymptotic esti- 
mate 

card(PnL'^^C/) = 0(vol(L>„)) as n ^ oo, 

uniformly in P ^ Vr{M). 
(ii) // [Dn)nen is even a van Hove sequence, we have for every compact 
set K (IT and for every relatively compact set U (^ M the asymptotic 
estimate 

card(P n (d^Dny^U) = o(vol(D„)) as n->oo, 

uniformly in P ^ Vr{M). 

Before we give the proof of the proposition we turn to a useful transfor- 
mation property of transporters. 

Remark 5.2. In slight abuse of the notation for transporters introduced 
in (|2.2p . we write Sm,u '■= 5'{m},(7 = {x £ T : xm G U} for m € M and 
a subset U Q M. Then, given any group element x G T, we observe the 
identity 

Sxm,U = Sm,U X~ . (5.6) 

Proof of Proposition 15.11 We fix e > and a relatively compact subset U C 
M. W.l.o.g. we assume that U ^ 0. The open thickened subset Ue := (f/)e 
is still relatively compact due properness of the metric d{-,-) on M. We 
define ipe G CdM) for p G M by (psip) := d{p, (UeY). For given p e M, the 
function x i-7> ipe{xp) lies in Cc{T), since ipe G Cc{M) and the group action is 
continuous and proper. In particular, x i->- ipe{xp) is integrable. For D CT 
compact we evaluate 

/d./,.,.P)=/d.E.a.P)= E /d-^.M^ (5.7) 

■^^ -^^ PGP v^PnD-wJ^ 

Note that P n D^^Ue is finite, because P is uniformly discrete and D~^Us 
is compact. (This argument uses continuity of the group action.) Below we 
wish to approximate the last integral of (|5.7|) by 

I{p) := dx ipe{xp) = / dx ipe{xp). (5.8) 
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Here, we made use of the transporter Sp^jje ^ ^; which was mtroduced in 



Remark l5.2l and is relatively compact by Lemma 2.3 (iii) , It serves to restrict 
the integration in I{p) to all those arguments where the integrand is strictly 
positive. But first, we will rewrite I{p) for p € Pr\D~^Uir. For such p there 
exists y £ D and m € Us such that p = y~^m. Hence, Remark 15.21 implies 

Sp,U^ = Sm,Ue y — Sm,UeD C Lu^D, 



where Lu^ := Sjj-- -g- is compact in T by Lemma 2.3 (ii) Therefore we have 
the identity 



I{p) = dx (feixp) (5.9) 

JLu,D 

for every p € P n D~^Ue- 

Next we derive a positive lower bound on the integral /(p), which is 
uniform in p G P n TU (not C/e!). For such p there is y G T and q G U such 
that yp = q- This implies 



/(p) = / dxipeixy ^q) = / dx(pe{iyx) ^q) = dx 

JT JT JT 



(Peixq) = I{q), 



where we used unimodularity of the group in the second and third equality 
and left invariance of the Haar measure in the third equality. We conclude 
that for every p € -P n TU we have 

I{p) ^ inf{/(g) : q £U} =: lu > 0. (5.10) 

The strict positivity follows from a compactness argument, using continuity 
of the map q i— > I{q), and from I{q) > for all q G U. To see the latter 
we observe Sq^Ue ^ ^Q,B^/2{q) ^^^ every q G U. The transporter Sq^B^/2(q) 
contains the identity e G T and is open by continuity of the group action 
and openness of the ball B^i2{q) Q M. Therefore there exists an open 
ball B^ C T about e such that 5*^^^^ (g) ^ B^ and V^ej^T > 0. Since 
vol(i? ) > (one can cover the cr-compact group T by countably many 
copies of B , all of which have the same Haar measure), it follows that 

m > 0. 

Next, we establish an auxiliary estimate, which is a consequence of uni- 
form discreteness (of given radius r): for every relatively compact subset 
[/ C M there exists a constant N(U) < oo such that for every P £ Vr{M) 
and every x £ T the bound 

card(P n xC/) ^ iV(f/) < oo (5.11) 

holds. To prove this, we first set x = e, the identity in T, and note that a 
covering argument then implies (|5.1ip uniformly in P € Vr{M). This and 
the equality card(Pnx[/) = card(x^^Pn U) yield the desired uniformity of 
N{U) in X G T. 

Now, consider the difference of the right-hand side of (j5.7p and the corre- 
sponding expression where the integral is replaced by I{p). This difference 
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can be estimated as 



V] / dx(pe{xp) ^ / da; Y] \v'eixp)\ 



pePnD-^Ue 



pePnD-i(7e 






^vol{Lu,D)Fu,, (5.12) 

where, using (|5.1ip . the constant Ffj^ := N{U!r) WfeWoo < c« does not depend 
on P, nor on D. Therefore (jS.lOp and (j5.12p imply 

card(P n D~^U) lu ^ Yl ^^P^ ^ Y^ ^(^) 
pePnD-ic/ p£PnD-^Ue 



^ I dxU^ixP)+vol{LuMFu, 
Jd 

^Fu,[yoI{D)+yoI{LuM]. 



Thus, the first claim of the proposition follows with D = Dn and 
Lemma 2.13 (i) while the second claim follows with D = d^ Dn, the van 



Hove property and Lemma 2.13 (ii 



D 

Proof of Lemma \2.22[ Fix any ^ D (1 T compact, assume w.l.o.g. that 
Q ^ and fix g € Q. Then the number of points q £ P Ci D^^m such that 
q = xq for some x E T is at most card(P PI D^^m). For q G P Ci D~^m we 
introduce the set 



A. 



q:= (qQP :3xeT ■.xQ = Q and xq = q\ . (5.13) 

Clearly, the estimate 

card(M{)(Q)) ^ card(PnD"^m) • max { card (^,^^) : qe P n D'^m} 

holds with the fixed q G Q. In order to estimate the cardinality of Aqq 
for a given q (assuming Aqq ^ 0), we fix a reference pattern Qr € Aqq 
and consider an arbitrary Q G ^g,g- Thus there exist Xr,x £ T such that 
XrQ = Qr, xQ = Q, and Xrq = q,xq = q. The latter imply x^^x G SqJ^q^^ =: 



Sq, the compact stabiliser group of q by Lemma 2.3 (ii) In addition, Q = 
XrX~^xQ C XrSqQ. By definition, we have Q Q P, hence Q Q P f) XrSqQ 
for every Q € Aqq. 

We conclude from (jS.lip that cav d{PriXrSqQ) ^ -^(UqeQ ^gQ)^ uniformly 
in P G Vr{M) and uniformly in g G Q and in g G P n D~^m (which enters 
through Xr)- Therefore there are at most 

\ cara[Q) 

possibilities to choose a subset Q with card(Q) = card((5) points out of the 
pattern P n XrSqQ. We conclude 

card(Ag,g) ^ F{Q) (5.14) 
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uniformly in q G Q and q G P H D^^m and P G Vr{M), and thus 
card(M{)(Q)) ^ F{Q) cai-d(P n D-^m). 



Hence the second estimate follows with D = Dn from Proposition 5.1 (i) 



since T is unimodular and the group action is proper. For the first estimate, 
we note 

Md{Q) C {Q C P n D-^Q :3x£T:xQ = Q}. (5.15) 

Therefore we can argue as above and obtain 

card(Mi5(Q)) ^ F{Q) card(P n D-^Q). (5.16) 



Since Q is compact, we may now set D = Dn and apply Proposition 5.1 (i) 
which uses unimodularity and properness. 

So it remains to prove that card(M£)((5)) and card(Mj^((5)) differ 
by a o(vol(L'))-term under the specified stronger hypotheses. Assume 
w.l.o.g. that Q ^ 0. By assumption, we may write Q = Km for some 
non-empty finite set K (^ T. Let S := Sm '■= Sjn,{m} denote the stabiliser 
group of 771 € M, which is compact by Lemma 2.3 (ii) We have S = S~^ 
and Am fl Bm C (A n BS)m for A,BQT arbitrary. 

Note that Q G M[)^^{Q) \ Md^Q) implies that there exists x G {D^^Y 
such that xQ = Q (1 P r\ D~^m. Hence we have 

Q Q D-^m n {D-^fKm C (^-^ n {D'nY^KS)m C {d^^~^ Dn)~^m. 

Now the same argument as in (i) yields 

card(M;,jg) \ MdAQ)) ^ HQ) card(P n {8^'^^'" D^r^m), 



and the latter term is recognised as o(vol(D„)) by Proposition 5.1 (ii) , since 
T is unimodular and the group action is proper. 

Similarly, Q G MdAQ) \ M'^JQ) implies Q C D'^Q and Q % D'^m. 
Thus, there exist x £ T and q £ Q such that xq £ Q and xq G {D~'^mY, 
which implies 

xq G D-^Km n (-D^)"^m C {D'^KS n {Dl)-^)m C {d^^~^ Dn)~^m. 

We have 

MdAQ)\m'dSQ) 

C |q C P : 3(x, q)£TxQ:xQ = Qhxq£ {d^^'^ Dn^^mX =: A. 
This set can be represented as 

^ = U U \r, 

qeQ 5-ePn(9SA'-i£i^)-i„ 
with Aq^q given by ()5.13p . Therefore we use ()5.14p to conclude 

card(Mfl„(Q)\M^JQ)) ^ F(Q) card(Q) card(P n (a^^~'P'„)-im), 



and the latter term is recognised as o(vol(Dn)) by Proposition 5.1 (ii) , since 
T is unimodular and the group action is proper. D 
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Proof of Lemma 12.251 (i) . The finiteness of the supremum follows from in- 



equality (|5.16p and Proposition 5.1 (i) 



(ii). Fix y e T. It suffices to show v^{yQ; {Dn)nm) = ^^{Q'l {Dn)nim)- 
Since MD,XyQ) = ^yoAQ) and 

card{MyDAQ)) -card(MDjQ))| ^ card(MA„(Q)), 

where An := d^^'Dn C d^^' D^, the claim follows from inequality (|5.16p and 



Proposition 5.1 (ii) D 



Proof of LemmM ^rm (i). If Xp is FLC, then T' C Xp is FLC by definition. 
Conversely, assume that V is FLC. Take V C M compact and a correspond- 
ing finite set F-piV) C Q-p of patterns of V. Now let Q be any xF-pattern 
of X-p. Then there is P € Xp such that Q = P r\ xV. Since P € Xp, 
there is a sequence ((x„,P„))„gN ^ T x 7^ such that x„P„ — > P as n — > oo. 
Hence, for every n G N, the pattern Qn '■= Pn H x'^xV is equivalent to 
some pattern in J^piV), and XnQn -^ Q as n ^ oo. Since Tp{V) is finite, 
there is Q € J^p{V), a sequence {yk)keN in T and a subsequence (nfc)fcgpj 
of N such that Qn^ = VkQ for all A; € N, implying that Xn,.ykQ — > Q as 
A; —7- oo. Local compactness of M and properness of the group action imply 
that a subsequence of (xnj.2/fc)fceN converges to some z G T. Continuity of 
the group action then yields zQ = Q. Thus z~^Q € Tp{V). 
(ii). For patterns Q,Q e Vr{M) define £{Q,Q) by 

e(Q,Q) := inf {5 > : 3x G T : Q C (xQ)^ and xQ C (Q)^}. 

If Q is not equivalent to Q, we have e((5, Q) > 0. Indeed, write Q = 
{gi, . . . , qk} and Q = {gi, . . . , Qfc} and assume that e(Q, Q) = 0. Invoking 
local compactness of M, we find a sequence (x„)„gN ^ 2^ such that we have 
XnQi ^ % for i € {1, . . . , fc} as n — )• oo (possibly after some permutation of 
indices). Local compactness of M and properness of the group action imply 
that a subsequence of {xn)n<m converges to some x £ T. By continuity of 
the group action, we thus get xQ = Q, which is a contradiction. 

Now take an arbitrary Q G Qp and define the compact support V := {Q)r 
of Q in M. Let Fpiy) be a finite set of patterns corresponding to V in the 
FLC condition and define e > by 

2e := min {e(Q, Q) : Q e Fp{V) and^yGT-.Q^ yQ}. 

Now assume that there exist x € T and Q G Qp such that xQ C {Q)s and 
(5 C [xQ)s- Then Q is equivalent to Q, by definition of e. 

(iii). Assume that "P is not FLC. Then there exist a compact set Vq C M 
and an infinite collection (Q„)„gN of mutually non-equivalent patterns of 
V supported on T-shifted copies of Vq. Due to compactness of Vr{M), 
a subsequence Qk '■= Qnui A; € N, of ((5n)neN ^ Qp converges to some 
Q G Vr{M). Let y C M be a compact set satisfying Q <^V. Since Qp AV 
is closed in Vr{M) by assumption, we have Q G Qp A V, which implies 
Q G Qp. By construction, we have e{Q,Qk) — > as /c — )• oo. If Q is 
not equivalent to any Qfc, this contradicts local rigidity of V. Otherwise, 



RANDOMLY COLOURED POINT SETS 35 

Q = xQi for exactly one i and some x G T and £{Qi, Qk) = s{Q, Qk) — > 
as A; ^ oo. This is also a contradiction to local rigidity of V, since Q^ is not 
equivalent to Qk for k ^ L D 

Before we can approach auxiliary results for the proof of Theorem 12.291 
we introduce some more systematic notation for pattern collections of point 
sets. 

Definition 5.3. Let [/ C M and I) C T. For P G VriM) we define 

Qp{U] D) := {QQP:3xeD such that xQ C U] (5.17) 

and, in slight abuse of notation for V C ■p^(M), 

Qt.{U;D):= \J Qp{U;D). (5.18) 

PdV 
It will also be convenient to fix in addition the number of points /c G N of 
the patterns, in symbols, 

Q%{U- D):={Qe Qp{U; D) : card(Q) = k], (5.19) 

and similarly Qj,{U; D). In particular, we have M£,{Q) = Q'^p^ {Q; D) for 
every given point set P. We write Q!^{U) := Q'I,{U;T) and Q^ := Q^^M), 
which has already been used before. 

The next lemma and the subsequent proposition will be needed in the 
course of the proof of Theorem I2.29[ But they also enter the proof of Theo- 
rem I3.1UI which is the main ingredient for the ergodic theorem of randomly 
coloured point sets. 

Lemma 5.4. Given P G Vr{M) and a relatively compact subset U C M, 
there exists a constant Tu > which depends only on U and the radius of 
relative discreteness r - hut not on P ^ Vr{M) - such that for every /c G N 
and every compact subset D (IT the estimate 

card {Qp{U; D)) ^ F^"^ card(P n D-^U) (5.20) 

holds. 

Proof. We start by observing Qp{U;D) C UoePnD-ic/ ^9' where 

Aq ■.= W (^ P : card((5) = k, q e Q and 3x eT such that xQ C u\ 
= \{q,Q2,- ■■ ,qk} '^ P ■ 3x G Sq^u with xqi G t/Vi G {2, . . . ,k}j 

Q{{q,q2,---,qk}QP: g^ G P n ^-^^7 Vi G {2, . . . , A:}}. (5.21) 

This implies 



c&id{Q'^{U;D)) i^ Y^ card {P n S;^IjU) 
qePnD-'^u 



fc-i 



!^ caidiP n D-^U) 



sup card (P n S^ljU) 

q&PnTU 



(5.22) 
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For every q G P H TU there exists Xq € T and mg € U such that q = 
XqUiq. Thus, we conclude from the transformation property of transporters 
in Remark 15.21 that 



card (P n S^^U) = card (P n XqS;^^jjU) ^ card {xq^P n S^]jU) 

^N{S^]jU), (5.23) 

where the last inequality rests on ()5.1ip and holds uniformly in P € Vr{M) 
and Xq € T, and therefore uniformly in g G POTU. Here, the application of 
()5.1ip is justified, because S^jjU is relatively compact in M. This follows 



from Lemma 2.3 (iii) and continuity of the group action. So the claim holds 
with Fu = N{S^0). n 

We write L^^(M) to denote the set of all real- valued, Borel-measurable 
and bounded functions ip on M, whose set-theoretic support {m G M : 
ip{m) 7^ 0} is relatively compact. For ip E L^^(M), we consider /^ : 
Vr{M) ^ M as in Definition [221 



Proposition 5.5. Let (P)„)„gN be a F0lner sequence in T . Fix A; £ N 
and consider functions ipi G L^^{M), i G {l,...,k}, whose set-theoretic 
supports Ui, i G {1, . . . ,k}, are relatively compact and pairwise disjoint. Let 
U := lJi=i ^i- Then we have the equality 

k 

I dxm^,VxP)= Y. I{Q) + o{vol{D^)), 
^" ^^=1 ^ QeQ*,(C/;i?„) 

asymptotically as n ^ oo. Here the o{vol{Dn))-terni can be chosen uni- 
form,ly in P G VriM) and the leading term 

AQ):= E [d^Ilv^^i^1ni^)) (5-24) 

involves a sum over all permutations from the symmetric group Sk so that 
the fixed choice for enumerating the points of the pattern Q = {qi, . . . , q^} 
is irrelevant. 

Proof We fix P G Vr{M) arbitrary. Note first that, for p G M and 
i G {1, . . . , A;} fixed, the function x i-> ^Pi{xp) is integrable, since (fi is mea- 
surable, bounded, has a relatively compact support, and since the group 
action is continuous and proper. Hence, x i-^ Y\i=i ^ii^Qwii)) is integrable, 
too. Moreover, since the supports C/j, i G {1, . . . , k}, are pairwise disjoint, 
we have 






(5.25) 
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for every x E Dn- By Lemma [53] the set Q!^p{U; Dn) is finite, and integrating 
(jOSj) gives 

/ dx(\{u\xP)= J2 E / dxl[cp,{xq^^,^). (5.26) 

Now we wisli to replace the sum over permutations on the right-hand side 
of (|5.26p by I{Q) asymptotically as n — )• oo. This is achieved in analogy to 
the argument leading from (|5.8p to ()5.9p : we start with the observation 



X 



k r. k 



dxT\ipi{xq^(^0) = I dx TTv3i(xg^(i)), (5.27) 

TLi Js(Q) tr. 



'T .^1 JS{Q) ,^1 

where we introduced 

S{Q) := {x e T : xQ C [/} = ^ S^^u Q T 

qeQ 

for general Q C M. In this way we excluded parts of the domain of inte- 
gration in ()5.27p where the integrand vanishes anyway. In the special case 



Q C [/ we have S{Q) C Sjj -n =: Lu, which is compact by Lemma 2.3 (ii) 



Next suppose that Q C D^^U (as is the case for Q G Q^ (P))- Then there 

exists y = y{Q) G Dn and Q ^U such that Q = y^^Q. Hence we conclude 
from Remark 15.21 that 



S{Q) = S{y-'Q) = S{Q)y C Luy (5.28) 

C LuDn. (5.29) 

Therefore (|5.27p and (|5.29p yield the identity 

^(Q)=Y. [ dx flip.ixq^^,)) (5.30) 

for every Q S Q^ (P). From ()5.30p and ()5.26p we deduce the estimate 

Y, i{Q) - [ dx(Yiu}j{xP) 



QeQUU;D„) 



k 



k 

< A:! vol ((Lc/Z?n) \ D^) sup [card (Q|,(?7; {x}))] FT ||(^, 



?. 1 1 oo • 



In order to get the first inequality above we have used the identity 

T,Q&Q%{U;Dr.)ULl'Piix'in{i)) = T.QeQ%{U;{x})ULl'Pii^<lniz)), which holds 

for every fixed x € T. The assertion of the proposition now follows from the 
F0lner property ()2.5p . the fact that Lu is independent of P and the estimate 



card (Q^(C/; {x})) ^ T^"^ card(P n x'^f/) ^ r''^-^N{U) < 



oo, 
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which is based on Lemma 15.41 and holds uniformly in P € Pr (M) and x G T 
by (fSTTD . D 



The following proposition refines the asymptotic evaluation of Proposi- 
tion 15.51 in terms of pattern frequencies. For that reason, T is assumed to 
be unimodular, and the FLC assumption is imposed. 

Proposition 5.6. Let (L'„)„gN be a van Hove sequence in the unimodular 
group T. Fix k G N and consider functions ipi € L^^,{M), i G {1, . . . ,k}, 
whose set-theoretic supports Ui, i € {!,..., /c}, are relatively compact and 
pairwise disjoint. Set U := Uj=if^«- -^^i V C Vr{M) be of finite local 
complexity and let T^ (U) be a maximal subset of mutually non- equivalent 
patterns in Q^ {U) . Then we have for every P E X-p the asymptotic esti- 
mate 

j dx(\{f^\xP)= Y. ^(Q)card(Mz5„(Q))+o(vol(A0) 

(5.31) 
as n ^- oo. Here, the finite set T\ (U) and the integral I{Q) are indepen- 
dent of the particular choice of P a X-p, and the error term can be chosen 
uniformly in P ^ Xp. 

Proof. Fix P S Xp. By Proposition 15.51 we have 

k 

I dx(\{f^\xP)= Y. HQ) + o{voliDn)), (5.32) 



■i=l 



QGS^(C/;AO 



asymptotically as n — )■ co, where the error term can be chosen uniformly 
in P € Xp>. In order to establish a connection to pattern frequencies, we 
partition the set Qp{U;Dn) into subsets of equivalent patterns. Due to 
FLC of Xp, cf. Lemma 12.271 the set T^ (U) is finite. Given an arbitrary 
pattern Q G T^^{U) we consider the collection Q^^^_i^((5) C Qp^^-i^^ = 

Qp{U;Dn) of ah its translates in P n D-^U. Then the sum in (f02D de- 
composes 

k 

[ dx(l[f^}j{xP)= Yl E I{Q) + o{vol{D^)). 



But the integral I{Q) is independent of the particular choice of Q S 
Qp 1 (Q), as we show now: by definition there exists y = y{Q) G T 
and enumerations of the points in the two patterns Q = {qi, . . . ,qk} and 
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Q = {qi, . . . , Qk} such that yqi = qi for ah i S {1, . . . , k}. Then we get 

= E / dx n (^i (xg,(.)) = /(Q), (5.34) 

where we used unimodularity of the group for the second and third equahty 
and left invariance of the Haar measure for the third equahty. 

In order to analyse the cardinality of Qji i (Q) for card((5) = A;, con- 
sider the set 

k 

5 := {x e T : xQ C ^7} = fl Sq^,u, 

i=l 

which is relatively compact in T by Lemma |2.3(iii)[ Then we claim 

2pnD-ic/(Q) = {Q ^ ^ : 3y G S~^Dn with yQ = Q] = Ms-^dSQ)- 

Indeed, to verify the inclusion Qji i (Q) C Mg-ijj^{Q), take Q S 

Qp 1 (Q) and choose x G Z)„ and y £ T such that xQ C U and 

yQ = Q. Then we have xy~^ € S. But this means that y G S~^Dn, 
whence Q G Mg-ijj^{Q). For the reverse inclusion, take Q G M5-i£)^((5) 
and choose y G S~^Dn with yQ = Q. Then y = s~^x for some s G S" and 
some X G -Dn- Hence xQ = sQ C [/. This means that Q G Q^ i {Q). 

But the sets Mg-i£)^{Q) and AId^{Q) are asymptotically of the same 
cardinality. This can be seen from 

Ms-^D„{Q) A MdM) = [QQP:3x£ {5^''Dn)~^ : xQ = q} 

C {q C P n {d^'^Dny^Q : 3x G r : xQ = q}, 

where A denotes the symmetric difference: we argue as in the proof of 
Lemma 12.221 compare Eqs. ()5.15p - ()5.16p . to show 

card(M5-iB„(Q) A MdAQ)) ^ F(Q)card (p n {8^'" D^y^Q 



A final appeal to Proposition |5.1 (ii) yields 

card (Q^nD-ic/(Q)) = ^^^d {Ms-idJQ)) = card {MdAQ)) + o( vol(D„)) 

as n — )• oo, where the error term can be chosen uniformly in P G X-p. This 
holds by the van Hove property of {Dn)nmj where we used unimodularity 
and properness of the group action. Thus, the claim follows together with 
(|533]) and (|OD . D 

Proof of Theorem 12.291 Let /x be a T-invariant Borel probability measure on 
X-p. We first prove the asserted characterisation of ergodicity of fi. Our ar- 
guments rely on Theorem 12. 141 which requires a tempered F0lner sequence. 
In addition, the van Hove property enters through Proposition 15.61 
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(i) => (ii) W.l.o.g. fix a non-empty pattern Q = {qi,- ■ ■ -.qk}-, A: E N, of 
V. By FLC of X-p, cf. Remarks 12.281 we may choose £ e]0, r/2[ sucli that 
ah patterns of X-p of cardinahty A;, which admit a support equivalent to the 
compact set (Q)e, are equivalent to Q. For z G {1, . . . , fc} define the mutually 
disjoint sets Ui := B^{qi). Choose (pi £ Cc{M) of compact support Ui for 
i G {1, . . . , A:} and consider the function / := f^p^ ■ . . . ■ /^^ € C{Xp). Setting 
U := IJi=i ^ii '^6 can now apply Proposition 15.61 with T^ (U) = {Q}. This 
yields 

[ dx f{xP) = I{Q) card (Mb„ (Q)) + o( vol(D„)) , (5.35) 

where P enters only through Mo„iQ) on the right-hand side. Since /i is 
ergodic and / E L^{Xp,fi), Theorem 12.141 (ii) guarantees the existence of a 
set X C X-p of full /u-measure such that for all P E X we have 



^1P un ^ / <ixf{xP) = fi{f), 



and this limit is independent of P E X. Hence condition (ii) of the Theorem 
is satisfied. 

(ii) =^ (i) We will apply the characterisation of ergodicity in Theo- 
rem [2T3] (iii) . First, we define a suitable || • ||oo -dense subset V of C{Xp). 
It will be constructed from the set 

'Do := {U : if e Cc{M), diam(supp(v7)) < r/2} U {1} , 

where 1 E C{Xp) denotes the constant function equal to one, and with J,^ 
as in Definition 12.61 The set Vq separates points in Xp. Hence the Stone- 
Weierstrafi theorem |Kel Prob. 7R] assures that the algebra V := alg(Po) 
generated by Vq is dense in C{Xp) with respect to the supremum norm. 

W.l.o.g. consider / E 15 of the form / = /^^ • . . . • /<pj. , where A; E N and 
fip. E Pq \ {1} for J E {1, . . . , A;}. Write Vi := supp((/9j) for the compact 
supports of the functions ipi, for i E {1, . . . , A;}, and set V := IJi=i ^- Note 
that ViCiVj y^ implies that f^. ■ f^p- = f^i-^py We thus assume w.l.o.g. 
that Vir\Vj = ioT i ^ j. Write Ui := Vi for the set-theoretical support of 
the function tpi, for i E {1, . . . , A;}, and define U := Ui=i ^i- 

Theorem 12.141 guarantees the existence of X' C Xp of full /i- measure and 
of a T-invariant function /* E L^{Xp,iJ,) such that /i(/*) = fJ-if), and such 
that for all P E X' we have 

l^^ ^kr-, [ dxf{xP) = r{P). (5.36) 

n-^oo V0l(Z;„) Jd^^ 

Now, for a given pattern Q E Qp take a set X C Xp of full //-measure such 
that hypothesis (ii) is satisfied for all P E X. Then the set X" := X' f] X 
has full /i- measure (and is in particular non-empty), and Eq. ()5.36p holds 



for all P E X" . On the other hand, observing Remark 2.28 (ii), we can 
apply Proposition 15.61 with J^^ (U) = {Q} so that ()5.35p holds. Hence, 
our hypotheses imply that the value f*{P) must be independent of P E X, 
which in turn yields /* = fJ-if*) = f^if) on X. Therefore /u is ergodic. 
The asserted independence of the pattern frequency of the choice of the 
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tempered van Hove sequence follows from the corresponding independence 
in the Ergodic Theorem 12.141 

In the simpler case of unique ergodicity one can argue as above, now with 
an arbitrary van Hove sequence. To prove (i) =^ (ii), one uses Theorem l2.16l 
(i). To prove (ii) => (i), one can apply the characterisation of unique er- 
godicity in Theorem 12.161 (ii) . Independence of the choice of the van Hove 
sequence follows from Theorem 12.161 

If X-p is uniquely ergodic, then the convergence to v{Q) in Definition l2.24l 
is even uniform in P G X-p, since, after dividing by vol(D„) in (|5.c{5|) . the 
convergence on the left-hand side is uniform in P G X-p by Theorem 12. 161 (i). 
and since the error term can be chosen uniformly in P € Xp. El 

Proof of Proposition 12.321 Let (Dn)neN be a van Hove sequence in T. 

(i) =^ (ii). Note first that uniform convergence of u{y^ P) in (y, P) QTxV, 
with a limit independent of {y,P), is equivalent to the existence of the limit 

hm .^'^"(Q) = hm ^ard({QCP„:3x€Z^„,„:xQ = Q}) ^^^^^^ 

- ■-- n-s>oo Vol(iJ„) 



>CXD 



for every sequence {{yn, Pn))neN ^T xV, with independence of the limit of 
((y„,Pn))neN- Assume now that Xp is uniquely ergodic and fix a pattern 
Q € Qp. Then condition ()5.37p is satisfied, because for every sequence 
{{yn, Pn))neN C T X P we have 

vol(P>„) 

and because the convergence in the limit underlying the definition of I'i^Q) 
is uniform in P G Xp by unique ergodicity of Xp, see the second part of 
Theorem 12.291 Hence V has uniform pattern frequencies. 

(ii) =^ (i). We use the characterisation (ii) in Theorem 12.161 with the 
dense algebra of functions V from the proof of Theorem 12.291 (ii) => (i). As 
explained there, it suffices to consider products ni=i /v^i ' ^ ^ ^' with ipi G 
L^^{M) for i € {1, . . . ,k} having pairwise disjoint set-theoretical supports 
Ui- Given P € Xp, we abbreviate 

and take a sequence i{ym,Pm))meN Q T x V such that (ym-Pm)meN con- 
verges to P. Then, for every n G N, the sequence {In{ymPm))m&i converges 
to In{P) by dominated convergence. On the other hand, uniform pattern 



frequencies, Remark 2.28 (ii) and Proposition 15.61 imply that 
hm In{P) = V m) v{Q) =: J, 

the convergence being uniform in P G Xp and the limit J independent of 
P G Xp. In particular, uniformity allows the interchange of limits in 

lim /„(P) = lim lim In{ymPm) = 1™ lim In{ymPm) = J, 
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showing that liuin^oo I niP) exists for every P E X-p and is independent of 
P. D 

Proof of Proposition 12.331 With 1a denoting the indicator function of a set 
A, the pointwise ergodic theorem Theorem 12.141 (ii) (together with a tem- 
pered subsequence (-Dn)nGN of the given van Hove sequence in T) yields for 
//-a.a. P G X-p 

m(Cu) = ^i(lcu) = lip i.n ^ / dxlcu(a:P). 
n^oo vol(Z;„) Jij^ 

On the other hand, the indicator function of the cy Under set Cu can be 
expressed as 

since diam(f7j) < r. Apart from Q itself, the region {Q)e contains, up to 
equivalence, by hypothesis no other pattern of Qx-p of the same cardinality 
as Q. Therefore we can apply Proposition 15.61 with J-^ (U) = {Q}, which 
yields for all P G X-p 

f dxlc^ixP) = I{Q) card (M^JQ)) + o( vol(D„)) 
as n — 7> oo, where the integral I{Q) is given by 

k 






reSk ' 

Therefore we conclude from Theorems 12.291 and 12.141 that the pattern fre- 
quency I'iQ) exists for ^-a.a. P € Xp, and for any such P we have 

Next we show that I{Q) = vol{D^). To do so, we use the notation of 
Remark 15.21 and introduce Tq^ := ni=i SqT,u),Ui for n & Sk- Since each Ui 
can accommodate at most one point of a pattern, we obtain 

De = {xeT ■.xQCU}= y {xeT : xq^^^) G Ui for ah i E {1, . . . , k}] 

= U ^Q,u = U ^Q,u- (5-38) 

The restriction to Sk{Q) ^ S^ in the last equality of (|5.38p is justified, 
because if for some vr E 5^ there is x E T such that xg^j-j) E Ui for all i, 
then there must exist Xt^ G T such that x-^q^^^i-^ = qi, due to our hypothesis 
on the smallness of e and the uniqueness of Q. Hence it E Sk{Q)- The 
representation (j5.38p also implies that Z^^ is open and relatively compact in 



T, compare Lemma 2.3 (iii) 



On the other hand, since vr E 5^ \ Sk{Q) does not contribute to I{Q) 
either (by the same argument as above), we conclude 

^(Q)= E [dxllluAxq^^.))= Yl ^°K^,u)- 
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Thus, the desired equahty I{Q) = vo^Dg) fohows if the rightmost union in 
(j5.38p is disjoint. To see this we take tt, tt € Sk{Q)- By definition, there 
exist Xt^jX:^ € T such that 

XTrQ^rii) = Qi and X5fg^(j) = qi 
for aniG{l,...,A;}. On account of Remark 15.21 this impHes 

T^,u = TQ,uXn and T^,^ = T^V- (5-39) 

Assuming Tq jj HTq jj y^ , we see that ()5.39p then ensures the existence of 
y,y ^ Tqjj which obey yxj^ = yx^. This imphes in turn 

yqi = yx^qnii) = yx^qnii) = yxnqmn-^on){i)) = yq(^-^oT,){i) 

for all i G {1, . . . , k}. Hence, yqi & Ui (1 U(j^-\a-K){i) for all i G {!,..., k\. 
Since Ui DUj = for i ^ j, we infer that vr = vr. Hence the rightmost union 
in ()5.38p is disjoint and I{Q) = vol(D^) holds. This completes the proof of 
the first statement of the proposition. 

To show the remaining statement of the proposition we assume that T is 
Abelian and note that 

Sym,B,{ym) = {x £ T : d{xym, ym) < e} = {x G T : d{xm, m) < e} 

for all y G T and all tti G M due to T-invariance of the metric. Hence, if 
the group acts also transitively on M, we infer Tqjj = Sm^B^m) for every 
771 G M. Together with ()5.39p and ()5.38p this implies 

^e = {^ ^m,Bi:{m)Xni 

and the statement follows from unimodularity of T (which yields right in- 
variance of the Haar measure) . D 

6. Proofs of results in Section [3] 

Proof of Lemma 13.11 We only comment on properness of the induced action 
a, since all other claims are evident. Properness of a follows from Prop. 5(ii) 
in [B^^m Chap, ni.4.2], where we choose G = G' = T, (p = id, X = M, 

X' = M and ip : M ^ M, {m,a) ^^ m. O 

Proof of Proposition 13.51 Compactness follows from closedness of C-p in the 
compact metrisable space Vr{M). Let (Pn " )n6N ^ Cp be a sequence with 
lim^^oo Pn""^ = P £ Vr{M). Let P := tt{P) C M. We show that P eV 
and that P is a coloured point set, which implies P £ Cp. 

Continuity of the projection vr yields lim„_!.oo Pn = P- Therefore we 
have P £ V hy closedness of V. Now assume that pi := {p,ai) G P 
and p2 := (^,^2) S P, where p £ P and 01,02 G A. Thus, there ex- 
ist two sequences (p")jgN, j = 1,2, such that p"' G P„ for all n G N 
and lim„__>oo (^(pTiPj) = for both j = 1,2. Continuity of vr yields 
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limn^oo d{pi , p) = = \imn^ood{p2,p) This implies d{pi,P2) < r for fi- 
nally all n E N. Uniform discreteness of P„ then yields Pi = P2 ='■ p", 
and we must have a" = 0Jn{p^) = ^2 ^o^' finally all n E N. This shows 
ai = 02. D 

Proo/ o/ Lemma^M Let F := {xP(") : x E T, p(^) £Cv]. Since Cp C X^;, 
and X-p is T- invariant and closed, we deduce Y C X-p. 

To prove the converse inclusion, let P^'^' E Xp arbitrary. This means 
P E X-p, so there exists a sequence {Pn)n&n in "P converging to P. By 
choosing appropriate a;„ E f^p„, we obtain a sequence (P^ " )neN in Cp CY 
which converges to P'^ . Hence, P^'^' E Y. 

Continuity of the group action a^ follows from continuity of action a 
on M. n 

Proof of Lemma 13.91 We give a detailed proof for the first example only. 
The proof for the second example follows along the same lines, where T- 
stationarity ensures T-covariance, the compactly supported strong mixing 
coefficient ensures independence at a distance and where the continuous 
realisations C {') ensure C-compatibility and hence M-compatibility. 

For the first example, T-covariance and independence at a distance are 
clear. It remains to verify C-compatibility, from which M-compatibility 
follows. First, we construct a || • ||oo-dense subset V of C{Xp). For ^p E 
Cc{M) and ip E Cc(A) define f^^^ : Xp^Rhy 

f^AP^^^) ■■= E V'(^) • H^ip))^ ^^"^ e ^v- (6.1) 

Continuity of /^^^ is obvious from the definition of the vague topology. We 
also introduce the constant function 1 E C{Xp) equal to one and the set 

^0 := {/^,V : V e Cc{M) with diam (supp(99)) < r/2, V G Cc(A)} U {1}, 

(6.2) 
which separates points in Xp. The Stone- Weierstrafi theorem |Kel Prob. 7R] 
then assures that the algebra V := alg(Po) generated by Vq is dense in 
C{Xp) with respect to the supremum norm. 
Since 

Ef{P) - Ej{P') = f dPp(^) / dPp,(a) [/(P(-)) - /(P'^'^))] (6.3) 

J i Ip J il p/ 

for all P,P' E Xp and since the algebra V is uniformly dense in C{Xp), 
it suffices to prove continuity of Ef for functions / of the form g/. : = 
Ili=i Ui,il>i^ where fc E N and f^-^^- E Vq for alH E {1, . . . , k}. Furthermore, 
since Xp is metrisable, it suffices to show sequential continuity of Eg^^ . 

Fix P E Xp and take a sequence (P„)„gN CI Xp which converges to P. 
Define the compact set V := Uj=i supp(v7i) and the (finite) pattern Q := Pn 
V. Then the pattern Q and {Vy have a positive distance (5o := d{Q, (Vy) > 



0. For arbitrary fixed 6 E]0,min(5o)''^)[) we find by Lemma 2.8 (iv) an N 
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N(6) such that we have for all n ^ N the inclusions 

PnnVQ{P)s, Pnvc{p^)s. (6.4) 

For n ^ N we consider the finite patterns 

Qn ■■= Ip & Pn ■■ ^q^Q with d{p, q) <5\ (^ V. 

By (j6.4p . there exists a bijection hn ■ Q ^ Qn with d[q,hn{q)) < S for all 
q & Q and for all n '^ N. Thus, we get 



E9dPn)= E [Il^^{hniq^)) 



dP(a) JJV*(^(/ln('7i 
i=l 

dPM J]V'^(w(g^)), (6.5) 



where the last equality follows from the fact that all random variables are 
independently and identically distributed. This implies for all n ^ A^ the 
estimate 



(9i,-,9fe)eQ'' 



i=l 

k 

dF{co) l[\i,,{u{q,))\ 



np 



4 = 1 



^ 



n 



Jlloo ) 2^ 
i=l ' (gi,.-,'?fe)6Q* 



H'^^^^*) -^"PA^niSli)) 



i=\ 



i=\ 



Since the functions ^pi are continuous with compact support, we can make 
this difference as small as we want uniformly in n ^ A^, by choosing b 
sufficiently close to zero. CH 

Proof of Theorem 13.101 The map Yn ■ ilp ^ M is continuous (hence mea- 
surable) for every n G N, as can be seen by applying Lebesgue's dominated 
convergence theorem. 

Below we prove ()3.7p for random variables Yn corresponding to functions 
/ in the |[ • ||oo -dense subalgebra V C C{Xp), which was introduced below 
Eq. (|6.2p . This and an e/3-argument establish the lemma for all / € C{X-p) 
because, given an approximating sequence {fk)keN ^ T^, we have |ln (w) — 

l^(c;j)| ^ ll/fc — /lloo uniformly in n and in u. Here, Yn denotes the random 
variable ()3.6p corresponding to fk- 

Thus, it suffices to prove p.7p for random variables Yn corresponding to 
functions / of the form / = /<^i,^i • . . . • f^^,-^^, where A; G N and f^^,^^ G Vq 
for j E {1, . . . , A;}. To do so we fix P G X-p and a; G ilp arbitrary and set 
Uj := int(supp(c^j)), which is relatively compact for j G {1, . . . , k}. Then we 
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can apply Proposition 15.51 (with M playing the role of M there) and obtain 

k 

(6.6) 

asymptotically as n ^ oo, where the o(vol(L'n))-term can be chosen uni- 
formly in P € X-p and oj € 0,p. In (|6.6|) we have used the notation of 
Proposition 15.51 and Definition 15.31 except that we have singled out the sum 
over permutations vr from the integral (|5.24|) . as well as the part involving 
the random variables 



i=l 
which amounts to setting 

riQ):= fdxflipiixq^^,)). (6.7) 

The lemma will now follow from (16.61) and the relation 



lim — 

7H-00 Yol[Dn) 



E ^"(Q) 



QeQ^{(7;D„) 



zu^) 



dPp(r/)Z5(r/) 



for Pp-a.a. oj E ilp, every P € and every permutation vr € Sk- 

If the set Q|>(C/) := Q%{U]T) is finite, then ([ES]) follows from vol(i:>„) -^ 
oo as n — 7- CX3. Hence we assume in the remainder that the set Qp{U) 
is infinite. The above relation ()6.8p will then follow from the strong law of 
large numbers, as we now show. We note, first, that the variances Var(ZQ) ^ 

ni=i llV'ill^ ^^6 bounded uniformly in Q (and vr). Second, the cardinality of 
the finite set Q!1,{U\ Dn) grows at most with vol (£)„)• This can be seen from 
the relative compactness of f7 = IJj=i ^i' Lemma [5.4l and Proposition 5.1 (i) 
which require both unimodularity. Third, we show that the coefficients 
I'^{Q) are uniformly bounded in Q € Qp(f7) (and vr € 8^). This will follow 
from ()5.27p . which yields the estimate 



\r{Q)\^wo\{S{Q))\{ 



Wi\ 



the inclusion (j5.28p . compactness of Ljj := Sjj jj by Lemma 2.3 (ii) and right 
invariance vol(L[/y) = yo\{Lu) < oo of the Haar measure on the unimodular 
group T. 

Having these three properties in mind, the desired relation (|6.8p follows 
from the strong law of large numbers and Kolmogorov's criterion |Baul 
Thm. 14.5], provided we know that family {^^ {Q)^^) q^qu ,jj^ consists of 
pairwise independent random variables. 

If pairwise independence happens not to be the case, then we argue below 
that the index set Q!^{U) can be partitioned into a finite number J of 
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mutually disjoint subsets 

J 

Qp{U)=[jF, (6.9) 

i=i 

such that for each j £ {1, . . . , J} the subfamily {I'^{Q)Z'q)„ ^ consists of 

pairwise independent random variables. Assuming this decomposition for 
the time being, we rewrite (|6.8p as 

^ card(Ff )) ,. 
lim V TTrfr^ ZfUuj) = for Pp-almost all uo G Vip, (6.10) 

n-s>oo-^ Vol(D„) ■' 

where FJ"^ := F^ n Q|,(t/; L»„) and 
card(F; .„> 



Z5(a;)- / dFp(r/)Z5(r?) 



.11) 



for J € {1, ... , J}. But ()6.10p is indeed true. This follows from Yo\{Dn) -^ oo 
as n ^ oo for those j € {1, . . . , J} such that Fj is finite, and from the Pp- 
almost sure relation lim„_j.oo Zj = for those j G {1, . . . , J} such that 
Fj is infinite, thanks to pairwise independence by the strong law of large 
numbers and Kolmogorov's criterion. 

It remains to verify the existence of the partition (|6.9p . This may be seen 
by a graph-colouring argument: construct a graph T with infinite vertex set 
Q!p{U). Two vertices Q and Q' of T are joined by an edge, if and only if Zq 
and Zqi are Pp-dependent. Clearly, a vertex colouring of T (with finitely 
many colours and with adjacent vertices having different colours) provides an 
example for the partition that we are seeking. Due to uniform discreteness 
of P, independence at a distance of Pp and because U is contained in some 
compact set in M, we infer that the degree of any vertex in T is bounded by 
some number dT^max < oo. Thus, the vertex-colouring theorem |Dij ensures 
the existence of such a colouring with J ^ 1 + fiy^max different colours. D 

Proof of Theorem 13.111 First, we prove the existence of a unique T- invariant 



Borel probability measure Ji on X-p which obeys (i) 



Thanks to M-compatibility, Assumption 3.8(iii), the integral /(/) := 
J-^ dfi{P) Ef{P) is well-defined and finite for every / G C{Xp). Moreover, 

the map / : C{X'p) — > M, / i— > /(/) is a positive, bounded linear functional 
which is also normalised, 1(1) = 1, and T-invariant because of (j3.2p . T- 
covariance of Pp and T-invariance of //. By the Riesz-Markov theorem there 
exists a unique Borel probability measure ju on Xp such that 

/2(/) = / d/i(P) / dPp(a;) /(PH) (6.12) 

for all / G C{Xp). Since Xp is a compact metric space and /I is a Borel 
measure, the continuous functions C{Xp) lie dense in V-{Xp,^) w.r.t. || • ||i. 
Thus, given / G L^{Xp,'fl) there exists a sequence {fk)k&N ^ C{Xp) which 
converges pointwise and in || • ||i-sense towards /. This and dominated 
convergence yield for all / G L°^ (Xp , Jl) measurability of the map Ef : 
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X-p ^- MU {±00} and that (j6.12p holds. Fmally, these conclusions hold also 
for / E V-{X-p,fl) by decomposing / into its positive and negative part and 
using monotone convergence for a sequence of L°°-approximants. 

In what remains we prove ergodicity of the T-invariant probability mea- 
sure ju. The additional statements about exceptional sets will be obtained 
along the way. Fix / € C{X'p) arbitrary. On the one hand, the Ergodic 
Theorem 12.141 for Q = X-p provides the existence of /* S L^{X'p,'fl) and of 
a /I-null set N C X-p such that 

lim —^ I dx /(xP^-^h = tiP^"^^) (6.13) 

for all P^^> G Xp \ N . On the other hand, we apply the Ergodic Theo- 
rem [2TT3] for Q = Xp to the function Ef € L°^(Xp,^) and combine it with 
Theorem l3. 101 (which requires unimodularity of T). This yields the existence 
of a set X C Xp of full /i-measure and, for every P S X, of a set 0,p C 0,p 
of full Pp-measure such that the equality 

1™ ^7?7T / dx/(xP('^))= / d/.(Q) / dPQ(c7)/(Q('^)) 

n^oo V0l(P»„) Jd^ Jxt, Jqq 

= Kf) (6.14) 

holds for all P € X and for all lo € Vtp. In the uniquely ergodic case we rely 
on C-compatibility Ej G C{Xp) and apply the Ergodic Theorem 12.161 in- 
stead. This gives ()6.14p with X = Xp (and without requiring temperedness 
for the F0lner sequence). But 

/ d/2(p(-))ir(p(-))-/i(/)i 

d/2(pH)i^^^^(pH)ir(pH)-/i(/)i 

= / MP)j dPp(u;)ljf^^^(p(-))|r(pH)-/I(/)| 

= (6.15) 

on account of ()3.8p . ()6.13p and ()6.14p . showing /I-a.e. /* = /i(/) for all 
/ G C{Xp). The implication (iii) =^ (i) in the Ergodic Theorem 12.141 for 
Q = Xp now completes the proof. D 

Proof of Proposition 13.131 Let (-Dn)neN be a tempered subsequence of a 
F0lner sequence in T. By Theorem 13.111 we have for ^-a.a. P G Xp and 
for Pp-a.a. uj € ilp that 

KC^) = L d/I(Q('^)) 1ca(Q('^^) = / dM(Q) / dFgia) Ic^iQ^''^) 

J JCp J JC-p J i Iq 

= lim -^7T^ I dx Va(xP('^)). 

Since the coloured cylinder set C^ contains precisely all those coloured 
point sets which possess exactly one point in each of the Ui (thanks to 



Xt- 
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diam(C/j) < r), and with corresponding colour value in ^j for i € {1, . . . ,k}, 
we can express its indicator function as 

Thus, we conclude from ()6.6p - which, according to the hypotheses of 
Proposition 15.51 is also valid for indicator functions ipi = 1[/. , ipi = l^^., 
i G {1, . . . , k}, of open, relatively compact sets - that for every p('^) £ X-p 
the equality 

/ dxl^A(xP(-))= j; 5;r(Q)Z5(a;) + o(vol(D„)), 

holds asymptotically as n ^' oo. Here we used the notation introduced in 
(|6.6p . Likewise, the law of large numbers (|6.8|) continues to hold for ipi = Ijj^, 
tpi = 1^., i £ {1, . . . , k}. This amounts to 

1™ -17W-\ E ^"(^) [^5('^) - n^i) • . . . • F(^fc)] = 

n-5>oo vol(iJ„ ^-^ ^ 

QeQUU;D„) 

for Pp-a.a. uj € Op, for every P € X-p and every permutation vr S 5^, 
because the expectation of Zq factorises due to the product structure of 
Pp and disjointness of the C/j. Now we benefit from Pp being a product of 
identical factors and summarise the arguments so far as 

J1{C{^) = ¥{A,) ..... ¥{A,) hm — i— ^ I{Q), (6.16) 

n^oo vol iJ„ ■'^^ 

QeQUU;D„) 



where I{Q) := EnesJ'^iQ) = E.65 Jt^^ Hti lc/.(^^^w)- Eq. mB 
holds for /i-a.a. P G Xp. Since /i^ • . . . • /i^ = Icui Proposition 15.51 vields 

^1P un ^ 5Z ^(Q) = 1™ ur> \ / dxlcu(xP) = ^(Cu), 

i^oo V0l{Dn) f-^ ^ "^oo V0l(Z;„) Jjj^ 



n— >oo __ _ 

QeS*,{(7;D„) 



where the last equality holds for /u-a.a. P G Xp as a consequence of the 
Pointwise Ergodic Theorem 12.141 applied to /x (Cor. I2.2U|) . The claim then 
follows together with (j6.16p . D 



7. Proofs of results in Section H] 



Proof of Lemma 14.31 (i) Firstly, properness of the action ay of T on V 
implies that the action avxv of T on V x V, defined by ayxvix, {v,w)) := 
x{v,w) := {xv,xw), is also proper. This follows from Prop. 5(ii) in |Boull 
Chap. III.4.2], where we choose G = G' = T, (p = id, X = Y xY, X' = Y 
and -0 : V X V — )■ V, (v, w) I-)- u. Secondly, properness of the action avxV of 
T on V X V implies that the action a of T on M is proper. This follows from 
Prop. 5(i) in jBouH Chap. III. 4. 2], where we choose G = G' = T, tp = id, 
X = YxY,X' = M and ^ : V x V — ;>, (v, w) H" {v, w}. Here, the map V" is 
required to be continuous, onto and proper. While the first two properties 
are instantly clear, the third one follows from Prop. 2(c) in [Boull Chap. 
III. 4.1]: setting there X = V x V and K = {e, vr}, the permutation group 
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of 2 objects which acts on {v,w) G V x V accordmg to e{v, w) := {v, w) and 
7r{v,w) := {w,v), we recognise ip as the canonical map X — t- X/K. 



(ii) Let ruy^w G M and x G T be given such that xmy^w = 'mv,w This 
means that {{xv , xw) , {xw , xv)} = {(u,t(7), (tu,f)}. If {xv^xw) = (v,w), 
we have xv = v, and freeness on V imphes x = e. Otherwise, we have 
{xv, xw) = {w, v), implying w = x{xw) = x'^w. Freeness on V yields x^ = e, 
from which x = e follows by assumption. D 

Proof of Theorem 14.101 Theorem 12.291 gives a characterisation of (unique) 
ergodicity in terms of uniform pattern frequencies. In order to prove Theo- 
rem 14.101 it suffices to show that the frequency of every pattern of Xg can 
be expressed in terms of frequencies of certain patches from Xg . 

Indeed, for every pattern Q of Q which is not a patch there exists a 
uniquely determined minimal patch H of G hy "adding the missing vertices 
on the diagonal" . Then, the pattern Q occurs if and only if the patch H 
occurs. D 
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